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ABSTRACT

At the core of human intelligence lies the ability to learn and improve
throughout life. Understanding the mechanisms underlying human learning
remains one of science’s most persistent challenges, complicated by the
incremental, lifelong nature of learning processes and the difficulties of
studying biological neural networks holistically and directly. This thesis
addresses this fundamental question through artificial neural networks,
which offer analytical tractability and experimental control while sharing
core computational principles with biological systems.

We investigate learning through two complementary perspectives that il-
luminate different aspects of human learning. The first part examines the
low-level mechanisms that could support learning in the brain, specifically
focusing on how the recurrent connections essential for cognitive functions
like working memory are learned. Our investigations reveal a previously
unrecognized challenge we term the “curse of memory”: networks that re-
tain information longer become increasingly sensitive to parameter changes,
making learning particularly unstable. We demonstrate that successful ar-
chitectures used in practice overcome this challenge through modularity —
relatively limited interactions between small components. Furthermore, we
show that such modular organization makes biologically plausible online
learning algorithms computationally tractable, suggesting why the brain’s
highly modular structure, exemplified in cortical columns, confers learning
advantages.

The second part shifts focus on how data distribution shapes learning
dynamics. We study how language models develop associative recall capa-
bilities — the ability to store and retrieve cue-output pairs — finding that this
capacity emerges suddenly during training. Surprisingly, repetition of spe-
cific associations accelerates this emergence, challenging conventional deep
learning wisdom that emphasizes data diversity as paramount. Through
theoretical analysis, we demonstrate that both the emergence and benefits
of repetition stem from the development of selective attention, a mechanism
needed across a wide range of cognitive tasks. Our findings thus suggest



that reduced data diversity could be critical to rapid learning in artificial
systems and humans.

These findings provide new insights into human learning efficiency while
offering practical implications for artificial intelligence. Incorporating bio-
physical constraints brings computation closer to its physical substrate,
making learning algorithms and architectures more efficient. Meanwhile,
our data diversity findings suggest new training strategies for state-of-the-
art deep learning systems. By bridging neuroscience and machine learning,
this work demonstrates how studying artificial systems can illuminate bi-
ological intelligence while biological principles guide the development of
more efficient artificial learning systems.
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RESUME

La capacité d’apprendre et de s’améliorer tout au long de la vie consti-
tue le coeur de l'intelligence humaine. Comprendre les mécanismes qui
sous-tendent cet apprentissage demeure 'un des défis scientifiques les
plus importants de notre époque, rendu d’autant plus complexe par la
nature progressive des processus d’apprentissage et la difficulté d’étudier
directement les réseaux de neurones biologiques dans leur globalité. Cette
these aborde cette question fondamentale par le prisme des réseaux de
neurones artificiels, qui offrent a la fois une tractabilité analytique et un
contrdle expérimental rigoureux, tout en partageant les mémes principes
computationnels que les systemes biologiques. Notre approche explore
I'apprentissage selon deux perspectives complémentaires, chacune éclairant
des aspects distincts de l'intelligence humaine.

La premiére partie examine les mécanismes fondamentaux susceptibles
de soutenir l'apprentissage cérébral, en se concentrant sur la fagon dont
s’acquierent les connexions récurrentes, essentielles aux fonctions cognitives
telles que la mémoire a court terme. Nos investigations révelent un défi
inédit que nous nommons la “malédiction de la mémoire” : les réseaux qui
conservent l'information plus longtemps deviennent progressivement plus
sensibles aux variations des parametres appris, rendant l'apprentissage par-
ticulierement instable. Nous démontrons que les architectures performantes
utilisées en pratique surmontent ce défi en partie grace a leur modula-
rité — des interactions relativement limitées entre de petits composants
spécialisés. Cette organisation modulaire rend également les algorithmes
d’apprentissage en ligne biologiquement plausibles, computationnellement
efficaces, suggérant pourquoi la structure hautement modulaire du cerveau,
illustrée notamment par les colonnes corticales, confere de tels avantages
adaptatifs.

La seconde partie se concentre sur la facon dont la distribution des données
fagonne la dynamique d’apprentissage. Nous étudions comment les mo-
deles de langage développent leurs capacités de rappel associatif —1'aptitude
a stocker et récupérer des paires indice-mémoire — et constatons que cette
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capacité émerge de maniere soudaine durant 1’entrainement. De fagon sur-
prenante, la répétition d’associations spécifiques accélere cette émergence,
remettant en question 1'orthodoxie de l'apprentissage profond qui privilé-
gie la diversité des données comme parametre essentiel. Notre analyse
théorique démontre que tant 'émergence que les bénéfices de la répétition
découlent du développement de l’attention sélective, mécanisme fonda-
mental requis dans un large éventail de taches cognitives. Ces résultats
suggerent qu'une diversité de données réduite pourrait s’avérer critique
pour un apprentissage rapide, tant dans les systemes artificiels que biologi-
ques.

Ces découvertes apportent un éclairage nouveau sur 1'efficacité remarqua-
ble de I'apprentissage humain tout en offrant des implications pratiques
concretes pour l'intelligence artificielle. L'incorporation de contraintes bio-
physiques rapproche le calcul de son substrat physique, rendant les algo-
rithmes et architectures d’apprentissage plus performants. Par ailleurs, nos
résultats concernant la diversité des données ouvrent la voie & de nouvel-
les stratégies d’entrainement pour les systémes d’apprentissage profond
de pointe. En établissant des ponts entre neurosciences et apprentissage
automatique, ce travail illustre comment 1’étude de systemes artificiels peut
éclairer I'intelligence biologique, tandis que les principes biologiques gui-
dent le développement de systemes d’apprentissage artificiel toujours plus
efficaces.
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NOTATION

SYMBOL MEANING

hidden state (eventually indexed by layer [ or time f)

input given to the network (eventually at time ¢)

= R =

output of the network (eventually at time t)
predicted output of the network (eventually at time ¢)

<<

model parameters
, A, B, C  weight matrices (eventually indexed by layer I)

bias vector (eventually indexed by layer)

0
4%
b
A eigenvalue or recurrent parameter (for recurrent networks)
0 activation function

« attention weight

L number of layers (for deep networks)

T

sequence length

E expectation
L(0) expected loss function, as a function of the parameters

((y,7) loss measuring the discrepancy between a target and the
output

9 gradient with respect to 6 (column vector)
total derivative with respect to 6 (row vector)

5 partial derivative with respect to 6 (row vector)
T . .
6= g—ﬁ error term for backpropagation (eventually through time)

s = % sensitivity matrix, for real-time recurrent learning
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INTRODUCTION

How do we acquire new skills, adapt to changing environments, and refine
our behavior throughout life? This fundamental question about learning
has captivated researchers across disciplines [e.g., 1-3], yet understanding
how humans learn remains a persistent challenge.

Part of what makes learning so difficult to study is its very nature: it
consists in iteratively improving behavior through interactions with the
external world [4]. These interactions are unique to each individual and ex-
hibit tremendous variation depending on factors such as age, environment,
and historical context. This diversity makes it particularly challenging to
understand how interactions with the external environment shape learn-
ing. Moreover, learning occurs throughout an individual’s entire lifespan,
making it particularly time-consuming to experimentally test scientific hy-
potheses in real life. Even mammals with shorter lives than humans, such
as rats, still require a few weeks of training before being able to perform
cognitively relevant tasks.

At the mechanistic level, behavior changes through progressive refinement
of neural computation, primarily through synaptic plasticity [2, 5, 6], though
other mechanisms exist such as changes in dendritic morphology [7] or
neuromodulation [8]. Neural computation is extremely complex, and de-
spite more than a century of research ranging from studying the physiology
of individual neurons [9-12] to large-scale brain imaging, a holistic un-
derstanding remains far from being achieved. Understanding how such
a system changes is thus particularly challenging. While recent major ad-
vances in recording technologies have dramatically improved our ability to
monitor neural activity [13-15], simultaneously recording all neurons while
measuring the strength of synaptic connections connecting them remains
beyond our technical reach. Even if such comprehensive recordings were
available, we would require sophisticated computational models to make
sense of this gigantic amount of data — models that we currently lack.
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Given these fundamental challenges in studying biological learning directly,
we pursue an alternative approach in this thesis: the study of artificial neural
networks. This strategy aligns with the emerging field of NeuroAl [16, 17],
which sits at the intersection of neuroscience and artificial intelligence.
Rather than viewing these domains as separate, NeuroAl recognizes their
potential for mutual enrichment — using biological insights to improve
artificial intelligence systems while employing artificial intelligence as a lens
to understand neural computation. In our case, we harness artificial neural
networks to model biological learning and generate hypotheses about how
these processes unfold in the brain. They are particularly valuable for our
purposes as they trade biological realism for the scientific and mathematical
tractability that biological networks lack.

Several properties make artificial neural networks particularly suited for
this research agenda. Most notably, they demonstrate remarkable success
across diverse cognitive tasks, including strategy game playing [18-20],
natural language processing [21—23], and computer vision [24—26], often
matching or surpassing human performance. These networks therefore
display some form of intelligence acquired through learning that deserves
scientific investigation.

Beyond their cognitive capabilities, their distributed architecture of intercon-
nected processing units mirrors the organizational principles of biological
neural networks. Though modern architectures have diverged considerably
from their original biological inspiration, the field encompasses a spectrum
of abstractions, including spiking neural networks [27] that more closely
replicate biological neural interactions. This range allows researchers to
select the appropriate level of biological fidelity for tractable analysis.

Perhaps most importantly for scientific study, their artificial nature provides
unprecedented experimental control. Complete access to internal states and
parameters enables mechanistic analysis [28-31], while researchers can
precisely manipulate learning conditions by controlling environmental
interactions. The ability to train networks from scratch — sometimes nearly
instantaneously for smaller architectures — dramatically accelerates the
scientific method.



1.1 SCOPE OF THE THESIS

1.1 SCOPE OF THE THESIS

This thesis uses artificial neural networks to understand how humans learn
in two complementary ways. In the first part, we consider the following
question:

What are the mechanisms that support learning in the brain?

One of the overarching goals of our approach in answering this question is
to provide algorithms that satisfy, ideally all, the constraints that we know
the brain has so that it could, in principle, learn following these algorithms.
One convincing way of establishing that is to build physical devices, for
example, neuromorphic chips [32, 33], that are akin to biological neural
networks and train them on-device with those algorithms. Another goal
of this research, which is shared with the broader fields of theoretical and
computational neuroscience, is to provide hypotheses and experimental
predictions that experimentalists could test in biological systems.

Here, we focus on a specific subquestion related to the learning of a specific
connectivity pattern within neural networks: recurrence. Such a pattern is
ubiquitous in the brain [34] and plays an important role in cognitive abilities
like working memory [35]. Its learning is particularly complicated: learning
such networks is difficult in general because they can be extremely sensi-
tive to parameter changes, and because biophysically plausible learning
algorithms have to satisfy constraints — specifically, causality — that the best
algorithms we know do not satisfy. Our investigations reveal some of these
difficulties and that the most successful artificial recurrent architectures are
well equipped to solve this problem. They also show that the organization
of the network into submodules, which the brain features, could greatly
simplify learning. Throughout our investigations, we highlight that there is
still much progress needed before being able to solve our leading question,
and that we are still far from the ultimate goals stated above.

In the second part of this thesis, we focus on another aspect of learning,
that is the interaction between the learning agent and its environment,
specifically the data it receives from it. We study the question:

How does data shape learning?
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The focus shifts from understanding the low-level mechanisms supporting
learning akin to the work of a neuroscientist, to investigating the high-
level effect of data distribution properties on behavior along the learning
dynamics, as a psychologist would do. From this perspective, the internal
specifics of the neural network we study matter less than the fact that it is a
statistical learning machine that iteratively learns from data and processes
information in a distributed manner, as we humans do. As we can easily
control the properties of the data when training artificial neural networks,
we can tweak and identify specific properties that control learning speed
or generalization. In this thesis, we mostly focus on understanding how
reduced data diversity, in modern language models first and then on a
toy setting, can speed up learning without hurting generalization abilities.
These results provide concrete examples in which reducing data diversity
when learning progress stalls can be a powerful lever to master the task to
be learned.

The following sections provide more context and detail about the two parts
of the thesis, highlight their specific contributions, as well as highlight the
relevance of these results from a pure machine learning perspective.

1.2 BIOLOGICALLY PLAUSIBLE LEARNING OF RECURRENT NEURAL
NETWORKS

The renaissance of artificial neural networks in the 1980’s was motivated by
a key insight: instead of constraining learning algorithms to mimic known
biological mechanisms like Hebb’s rule [2], we should think from first
principles about how learning could be optimally achieved, then later deter-
mine the physical implementation. This approach led to the development
of backpropagation [36], which has powered the early successes of deep
learning and provides a computational blueprint for how learning could
be achieved from first principles. Biologically plausible implementations
of this algorithm have been extensively investigated in the last decade [16,
37—45], leading to ideas about how error signals could be implemented bio-
logically through dendritic compartments [40, 41], burst firing patterns [44],
or changes in neural activity [39, 45]. These concepts are now being actively
explored by experimental neuroscientists [e.g., 46].



1.2 BIOLOGICALLY PLAUSIBLE LEARNING OF RECURRENT NEURAL NETWORKS

However, most of this research focuses on memory-less feedforward neural
networks, partly because spatial credit assignment of errors through the
hierarchy of layers is a natural first problem to solve, and partly because
early deep learning successes (mostly in computer vision) were primarily
achieved with such architectures. But the brain is fundamentally a stateful
machine, with neural activity, molecular concentrations, and synaptic states
maintaining memory of recent events. Recurrent neural networks are well-
suited to modeling these processes and can, for example, be understood as
rough approximations of population-level neural dynamics [47].

Learning neural networks with memories is significantly more challenging
because the temporal credit assignment problem must be solved in addition
to spatial credit assignment. Indeed, to learn such networks, one must
understand how updates to the network’s current state will affect future
behavior. Backpropagation-through-time [48] addresses this by sending
error signals in reverse time, but this approach is unrealistic for any physi-
cally constrained process. This is not the only reason: even with arbitrary
learning algorithms, it is difficult to learn recurrent networks. In this part
of the thesis, we make two contributions: better understand the learning
difficulties linked to these networks (Chapter 3) and show that specific
neural architectures are particularly suited to physically plausible online
learning (Chapter 4).

CHAPTER 3 — RECURRENT NEURAL NETWORKS: VANISHING AND EXPLODING
GRADIENTS ARE NOT THE END OF THE STORY.

While vanishing and exploding gradients are well-known problems in
recurrent networks [49-52], we reveal an additional issue that arises when
training networks with long memories, which we call the curse of memory.
The longer a network retains information in memory, the more sensitive
it becomes to parameter changes, making learning increasingly unstable.
Successful machine learning architectures (such as LSTMs [53] or deep state-
space models [54]) mitigate this problem by careful architectural design:
modularity, that is, relatively independent relationships between different
network components, and reparameterization. This analysis emphasizes
that progress in recurrent architectures in deep learning has been mostly
achieved through careful architectural design and that we still do not really
know how to optimize recurrent systems without these strong architectural
constraints, brains being one such system.
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CHAPTER 4 — ONLINE LEARNING OF LONG-RANGE DEPENDENCIES.

We then investigate methods to solve the temporal credit assignment prob-
lem in physically plausible ways. We build upon real-time recurrent learn-
ing [55, 56], a gradient estimation technique that operates fully online. The
main limitation of this method is its computational and memory complexity.
We demonstrate that modularity makes this form of gradient estimation
much more tractable.

Both chapters suggest the importance of modularity to facilitate (online)
learning. This resonates with the modular organization of the brain, ex-
emplified by cortical columns [57] that are densely connected internally
but exhibit sparse column-to-column communication. Further research
is needed to better understand the conditions under which this form of
modularity helps learning and whether brain-inspired architectures satisfy
them.

1.3 HOW DOES DATA SHAPTE LEARNING? A CASE STUDY ON ASSOCIA-
TIVE MEMORIES AND THE ROLE OF DATA DIVERSITY

The artificial neural network renaissance mentioned in the previous section
spurred an equally important revolution in cognitive psychology. Instead
of the symbolic approach of the cognitive revolution, in which psychol-
ogists understood brain computations through computer metaphors, the
parallel distributed processing [58] approach proposed that information
is distributed and processed throughout the entire system rather than
stored in discrete locations. This framework emphasized the importance
of pattern recognition over pure symbolic manipulation. Learning shifted
from being conceptualized as acquiring and storing discrete rules or facts,
much like a computer loading new software modules, to being understood
as a progressive statistical process in which connection strengths across
networks of simple processing units are gradually adjusted. This connec-
tionist framework proved particularly successful in naturally accounting
for characteristic features of human cognition: the gradual improvement
curves seen in human learning, our ability to recognize degraded or partial
inputs, why similar memories tend to interfere with each other, and how
abstract patterns can be extracted from specific examples without explicit
rule instruction.
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This approach has proven especially valuable for capturing learning dy-
namics and characteristic developmental errors, making it well-suited for
investigating how data influences development. For example, analyses of
deep linear networks have accounted for the progressive hierarchical dif-
ferentiation between semantically different concepts observed in human
development, while their mathematical tractability allows for precise the-
oretical understanding of how data distribution affects learning [59, 60].
Part ii contributes to this line of inquiry by studying the impact of data
diversity on development through investigations of language models and
simplified sequence models. Our results demonstrate an intuitive but previ-
ously unobserved phenomenon: when progress stalls on a task, reducing
data diversity, and thus complexity, can facilitate learning breakthroughs.
Chapter 5 examines such effects in how language models acquire factual
knowledge, while Chapter 6 develops a simplified experimental setup that
reproduces these findings and provides theoretical explanations for why
reduced diversity can enhance learning.

CHAPTER 5 — HOW DO LANGUAGE MODELS LEARN FACTS? DYNAMICS, CURRIC-
ULA AND HALLUCINATIONS

As a case study, we focus in this chapter on the learning dynamics under-
lying associative memory, a capability critical to intelligence that involves
storing cue-output pairs so that the associated output can be retrieved
given the cue. This basic form of intelligence has been extensively stud-
ied (e.g., Pavlovian conditioning experiments [61]) and modeled through
computational frameworks like Hopfield networks [62]. We examine how
mechanisms supporting parameter-based associative memory and recall
develop during large language model training. Our analysis reveals that
knowledge emerges after a phase transition — the network must encounter
many cue-output pairs before developing the ability to recall associations.
This setting additionally serves as a testbed for understanding how data
shapes learning. We demonstrate that repetition (seeing some cue-output
pairs more frequently than others) can accelerate the initial phase where no
memory is acquired, speeding up overall learning. This finding is particu-
larly interesting as it challenges much of the deep learning literature that
emphasizes data diversity as paramount.

CHAPTER 6 — THE EMERGENCE OF SPARSE ATTENTION: IMPACT OF DATA DISTRI-
BUTION AND BENEFITS OF REPETITION

We link the surprising effect of repetition from the last chapter to the learn-
ing of sparse attention. In this context, attention layers in Transformers learn



INTRODUCTION

to focus on small subsets of tokens within sequences, capturing common
scenarios where desired outputs depend only on specific events in recent
history. The associative recall studied in the previous chapter is an example
of this: when a language model learns associative memory, it must extract
relevant cues while ignoring surrounding text. In our simplified setting,
we are able to reproduce the phase transition occurring during learning
that we observe in Chapter 5 and can theoretically quantify the speedup
provided by repetition.

Together, these chapters highlight the importance of strategic repetition in
accelerating learning. Interestingly, human development involves progres-
sively increasing environmental complexity as infants gradually broaden
their range of actions and accessible experiences [63]. For example, new-
borns primarily see their parents’ faces, which gradually diversifies to
include other faces, toys, and the broader world. Understanding the trade-
offs in such diversification strategies could help partially explain why
humans achieve remarkable sample efficiency.

1.4 A MACHINE LEARNING PERSPECTIVE ON THE THESIS  RESULTS

While motivated by the desire to understand how humans learn, the contri-
butions of this thesis can also be interpreted from a pure machine learning
perspective. The research papers forming it were actually mainly targeted
to a machine learning audience and were published in machine learning
conferences.

This alignment is to be expected given the intimate relationship between
neuroscience and machine learning. Both fields aim to emulate intelligence
through neural network models, though with different emphases. When
deciphering how brains learn, neuroscience researchers ultimately seek to
match known properties of biological neural networks and their correspond-
ing physical constraints. When building artificial intelligence systems, the
emphasis shifts to whatever works best given current hardware constraints.
However, brains remain far more efficient in terms of training data require-
ments and energy consumption, suggesting that architectures and learning
approaches that more closely match human behavior could significantly
benefit artificial intelligence development.



1.4 A MACHINE LEARNING PERSPECTIVE ON THE THESIS' RESULTS

The neural networks we study in the first part of the thesis — recurrent neu-
ral networks [64]- are among the most efficient architectures for handling
sequential data, and are in particular more efficient than the Transformer
architecture [21] that powers most modern deep neural networks [65, 66].
These properties have motivated recent research on deep state-space mod-
els [54, 67—71], which Chapters 3 and 4 directly study. The first of these
chapters provides an optimization-centric explanation for their success:
deep state-space models are relatively easy to learn due to their ability
to solve the curse of memory while addressing vanishing and exploding
gradient problems. The second chapter shows their particular suitability
for online learning due to their organizational structure, which may prove
valuable in applications like robotics, where learning agents must learn
while operating in the real world — just as humans do.

The second part of the thesis focuses on understanding how language
models, one of the most actively studied topics in contemporary deep
learning, learn. The learning dynamics of these models remain poorly un-
derstood, yet opening this black box to understand how learning proceeds
and how training data affects final model behavior represents a crucial
step toward building trustworthy systems. As society becomes increasingly
reliant on this technology, scientific understanding of these models has
become a pressing concern. Chapter 5 focuses on associative memories, an
area where large language models excel — sometimes to the point of being
called “stochastic parrots.” [72] By studying the mechanisms underlying the
development of this ability and these associative memories, and revealing
how data distribution influences this process (particularly demonstrating
that strategic repetition can accelerate learning), this work contributes to
our overall understanding of learning in language models while suggesting
strategies for more efficient training of large language models. Chapter 6
identifies a simple setting in which the surprising benefits of repetition
manifest. Deep learning theory often centers around surprising empirical
puzzles like this one, such as grokking [73] or double descent [74], and this
result may provide theorists with an angle of attack for demonstrating the
benefits of non-i.i.d. training.






BACKGROUND

This section reviews the technical deep learning background needed for
the thesis. It focuses on two aspects: neural architectures and learning
algorithms.

2.1 NEURAL ARCHITECTURES

Artificial neural networks are, from their inception, closely related to bio-
logical systems, as they were originally introduced to model information
processing in the brain. The networks we know today can be traced back to
McCulloch and Pitts, who proposed in 1943 the first mathematical model
of a neuron [75], demonstrating that networks of simple binary threshold
units could, in principle, compute many logical functions (aside from the
infamous XOR function [76]). This foundational work established the possi-
bility that intelligence could emerge from the collective behavior of simple
computational elements. With the perceptron, which was later introduced
by Rosenblatt in 1958 [77], such a network could automatically adjust its
parameters to improve performance on a given task. Since then, neural
architectures have significantly evolved from these early brain-inspired
models to become machines that excel at capturing the statistical regulari-
ties of the data they are exposed to. This section provides an introduction
to some of the key artificial neural architectures that will be used within
this thesis, highlighting, when possible, the links that still exist with their
biological counterparts.

2.1.1  Feedforward networks

At its core, a feedforward neural network (sometimes called a multi-layer
perceptron) is elegantly simple: a sequence of linear transformations in-
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terleaved with element-wise nonlinearities, such as the sigmoid or the
ReLU [78] function. Mathematically, a feedforward neural network with L
hidden layers is defined recursively as follows:

hy =x (2.1)
hy =p(Wh_1+b;) forl=1,...,L (2.2)

where W is the weight matrix and b; is the bias vector of layer /, and p is
a nonlinear activation function applied element-wise. The output of the
network 7 is typically computed as a linear transformation of the final
hidden state, often followed by a softmax for classification tasks.

Despite their simplicity, feedforward networks can express a wide range
of functions. The seminal universal approximation theorems of Hornik,
Stinchcombe & White [79] and Cybenko [80] established that such networks
with a single hidden layer only can approximate any continuous function on
a compact set, given sufficient hidden neurons. This theoretical foundation
provided crucial validation for the neural network approach, but it left
open the question of why depth should matter. Later analyses revealed
that depth provides exponential advantages in expressivity. Montufar et al.
[81] demonstrated that deep networks with ReLUs express functions whose
complexity grows exponentially with depth, while [82] found that certain
functions require exponentially many neurons in shallow networks but only
a constant number in deep ones. These results formalized the intuition that
hierarchical representations — where each layer builds increasingly abstract
features from the outputs of previous layers — are fundamentally more
efficient in terms of parameters than shallow representations.

Yet, deep networks remained largely impractical for decades mainly due
to training difficulties linked to signal propagation. This core challenge
is known as the vanishing and exploding gradient problem [49]: depend-
ing on the scale of the linear weights and the non-linearity, remote layers,
i.e. the ones far from the output layer, tend to either receive close to no
learning signals or exponentially large ones. This makes gradient-based op-
timization, the only viable optimization algorithm for optimizing networks
with millions or more parameters, struggle with deep architectures. Proper
initialization schemes, introduced by Glorot & Bengio [83] and refined by
He et al. [84], ensured that gradients could flow effectively through deep
networks from the start of training. The introduction of residual connec-
tions [26, 85], which allow information to bypass layers, and normalization
layers [86, 87] further mitigates these issues and enables the training of
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very deep networks. This issue is not entirely solved and there is still ac-
tive research on how to initialize best deep neural architectures so that
the different training parameters can be transferred from small to large
models [88—92].

The combination of these architectural and algorithmic innovations (not to
forget convolutional neural networks [93, 94]), coupled with the availability
of large datasets [95] and computational resources [96], unlocked the po-
tential of deep feedforward networks [97]. Yet, these networks suffer from
a fundamental limitation: they can only process fixed-size inputs, making
them unsuitable for the variable-length sequences that characterize much
of real-world data, such as text.

2.1.2 Recurrent neural networks

The inability of feedforward neural networks to deal with inputs of varying
size motivated the development of recurrent neural networks, which intro-
duced an additional memory into neural computation through the use of
recurrent connections [98, 99]. This architectural choice has strong biological
ties, as recurrent connections are ubiquitous in the brain [100, 101]. They are
believed to support key cognitive mechanisms such as working memory [35,
102], attention modulation [103, 104], and memory retrieval [62, 105].

The mathematical insight behind recurrent networks is to use the same
computational module repeatedly, maintaining a hidden state that serves as
the network’s memory. In its canonical form, a recurrent network is defined
through the equation

hiv1 = p(Why + b+ Uxpiq) (2.3)

where /1 is the hidden state at time ¢, W represents the synaptic weights, b
is the vector of biases, and x; is the external input received by the network
at time f. The output of the network at time ¢ is

e = Vaxy. (2.4)

Such networks are akin to feedforward neural networks in which time
replaces depth. However, there are a few notable differences that enable
such networks to deal with arbitrarily long sequences: the parameters are
tied between each update, and the network receives a new input at every
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time step. This will be particularly important for Chapter 3: we will see
how these two minimal changes significantly modify signal propagation
and the optimization properties of these networks.

In the following, we introduce the main classes of recurrent neural networks
that we will consider in this thesis, starting from linear recurrent neural
networks before moving to non-linear and gated networks. The following
order of exposition focuses on increasing complexity and not necessarily
on chronological order.

2.1.2.1 Linear recurrent networks

The simplest recurrent networks are linear. In this case, the hidden state
evolves according to.
hiyq1 = Ahy + Bxyq (2.5)

and the output is
yt = Ch; + Dx; (26)

with A being the recurrent connectivity, B the input, C the readout and
D the skip connection matrix. When the matrix A can be diagonalized,
which is possible for almost all matrices® [106], the dynamics decouple into
independent modes. More precisely, if A can be diagonalized as A = PAP~!
with A = diag(Ay,---,A,) a matrix whose diagonal elements are the
eigenvalues of A and P the change of basis matrix, the different modes 1’
evolve as

hi,q = Phy = Ahj + PBx; (2.7)

and the output is
91 = CP1hy. (2.8)

The eigenvalues A; control the memory timescales of the network as well as
its stability. When all the eigenvalues of the system have magnitude smaller
than 1, the system is stable and it will converge when receiving to a constant
input signal. Otherwise, it will be unstable and ultimately diverge. The
precise magnitude of the eigenvalues controls the memory timescale: values
close to 1 create long-term memory, while smaller values lead to rapid
forgetting. Complex eigenvalues introduce oscillatory dynamics, enabling
the network to capture periodic patterns in the data in a similar way to
discrete Fourier transform [107].

1 More formally, the set of complex-diagonalizable matrices of R"*" is dense in R"*".
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Despite their simplicity, such networks do have practical applications, as
the recent deep state-space models [54, 68, 69, 108] line of research high-
lights. There are two main reasons for this: parallelization and optimization.
Parallelization is a prerequisite for any modern neural architecture due to
the significant speed-up it brings and the widespread availability of parallel
matrix multiplication hardware with GPUs. Recurrent linear networks can
be parallelized, either by remarking that their transfer function? is a con-
volution or by leveraging associative scans [68, 109, 110]. Diagonalization
simplifies the entire process as it reduces the computational footprint. Re-
garding optimization, most of the benefits of linear layers can be attributed
to the fact they can be diagonalized. Indeed, by keeping eigenvalues to
have their magnitude below 1, one can keep the dynamics stable and avoid
exploding gradients. Additionally, they enable simple reparametrization
that makes optimization much more well-behaved . We do not provide
more details on these points here given that Chapter 3 will be dedicated to
understanding the optimization properties of this type of neural networks
in detail.

Linear recurrent networks are not a particularly expressive class of networks
on their own. However, when paired with a multi-layer perceptron, they can
in theory express any continuous function on a finite number of time-steps
or when the target mapping satisfies a fading memory property [111-113].
This universality result holds both for complex diagonal matrices and,
perhaps more surprisingly, for networks with diagonal real-valued connec-
tivity3. However, the use of complex states can be particularly important in
terms of numerical stability [113] and therefore simplifies learning.

Before concluding this section on linear recurrent networks, we note that
such models have a rich history in control theory, a field in which they
are known as state-space models and whose ideas have influenced the
deep state-space model line of research mentioned above. These models,
while not always perfectly accurate, enable researchers and engineers to
systematically design optimal controllers through linear quadratic regulator
methods [115], analyze fundamental system properties such as controllabil-
ity and observability [116] and implement robust control strategies [117].
This framework additionally enables one to naturally deal with multiple

2 The transfer function is the linear mapping between inputs x and the hidden states / encoded
by the recurrent linear layers.
3 In this case, we have what are called leaky integrator neurons in neuroscience [114].
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inputs and outputs, or, as we shall see below, with time-varying systems, a
feat that frequency-based approaches do not benefit from.

In this thesis, we will be interested in this type of network both from a
practical perspective (Chapter 4), as they are the state-of-the-art recurrent
architectures to model long-range dependencies, but also from a theoretical
perspective (Chapter 3), as they are undoubtedly the simplest recurrent
architecture that one can study.

2.1.2.2 Non-linear recurrent networks

The linear recurrent networks introduced in the previous section have
seen surprisingly limited adoption in the machine learning literature until
recently, primarily due to their restricted expressivity when used in isolation.
The canonical recurrent architecture is the nonlinear recurrent network,
which incorporates nonlinear activation functions as shown in equation 2.3.
This architectural form demonstrates substantially greater expressiveness
than its linear counterpart. Notably, nonlinear recurrent networks are Turing
complete [118], meaning they can emulate any Turing machine, and serve
as universal approximators for dynamical systems [119, 120].

Beyond their computational capabilities, these networks maintain strong
connections to neuroscience, as they can be interpreted as discretizations of
first-order differential equations of rate-based neural models. These models,
first established by Wilson & Cowan [47], characterize the population-level
or temporally-averaged dynamics of spiking neural networks. Given this
biological grounding, it is unsurprising that such models — and particularly
the diverse dynamics they can exhibit — have been extensively studied in
the theoretical neuroscience literature [62, 104, 121-127].

However, this enhanced expressive power comes at a considerable cost
in terms of optimization difficulty, ultimately leading the machine learn-
ing community to largely abandon this architecture. Training nonlinear
recurrent networks presents notorious challenges, primarily stemming from
the vanishing and exploding gradient problems [50-53]. This optimiza-
tion challenge proves more intractable than in linear networks because the
eigenvalues of the recurrent Jacobian — which determine whether gradients
vanish or explode — are significantly more difficult to control. We provide a
detailed review of these considerations in Section 2.2.4.1. Despite decades



2.1 NEURAL ARCHITECTURES

of research, no universally accepted solution to this fundamental problem
exists for nonlinear recurrent architectures. Resolving this optimization
challenge represents one of the major obstacles toward mechanistically
understanding how biological neural networks learn.

2.1.2.3 Gated recurrent networks

Another approach to incorporating non-linearity into linear recurrent neural
networks involves making the recurrent and input parameters dependent
on the input and/or hidden state. This principle forms the foundation of
gating mechanisms, which were first pioneered by the LSTM (Long Short-
Term Memory) architecture [53]. Recently, these foundational ideas have
been revisited and refined in light of advances in deep state-space model
architectures [70, 71, 128-130]. While the LSTM architecture represents a
sophisticated system with numerous components that have evolved con-
siderably over the years [131], we focus here on introducing gating in its
simplest form. The core gating mechanism can be expressed as:

hipr = f(he, xe1) © by +i(he, X 41) © X1 (2.9)

where f represents the forget gate and i represents the input gate. Both
gates can depend on the previous hidden state /i, the current input x;;1,
and additional parameters (omitted from our notation for simplicity). Note
that these two gates can be coupled, as demonstrated in the GRU (Gated
Recurrent Unit) architecture [132].

Conceptualizing gated recurrent networks as enhanced linear diagonal
recurrent networks provides valuable theoretical insight. When both the
forget gate and input gate operate independent of the input and output, the
architecture reduces to a diagonal real-valued network. This relationship is
significant for several reasons. First, it enables these architectures to avoid
exploding gradients through mechanisms similar to those in linear networks.
Second, as we will demonstrate in Chapter 3, this connection allows us
to transfer learning dynamics insights from linear recurrent networks to
gated architectures. This perspective also illuminates the parallelization
capabilities of these models. While exact parallelization remains challenging
for the general case*, parallelization becomes feasible when gates depend
solely on the input rather than the hidden state. The contemporary recurrent

4 Current research investigates efficient approaches to this problem [133, 134].
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architectures scaled for language modeling tasks we mentioned above
leverage precisely this property to achieve computational efficiency.

2.1.3 Attention and Transformers

The Transformer architecture [21] represented a fundamental shift in se-
quence modeling. Attention mechanisms were originally introduced as
components within recurrent neural networks to help models focus on
relevant parts of the input sequence [135], but Transformers took the rad-
ical step of removing recurrence entirely and relying solely on attention.
Instead of processing sequences step by step, attention mechanisms allow
every token to directly access information from every other token. This
architectural change has a significant impact on two critical aspects of deep
learning: parallelization and optimization. Since there are no sequential
updates to a hidden state to perform, training can be largely parallelized
and thus sped up, while vanishing and exploding gradients are out of the
picture.

A causal self-attention head> as used in autoregressive Transformers dynam-
ically interpolates the previous inputs (x})t < t it has received depending
on how similar they are to the current input x;. The process unfolds in
three steps: First, it computes the attention scores A by comparing the
current query q; = Wox; with the keys ky = Wixy (t' < t) associated to
the previous tokens through

-
Ay = (2.10)

with d the dimension of the queries and keys. Second, it normalizes these
attention scores to form the attention patterns «

exp(Agy)

o v = softmax(As)y = ———
& ( t)t Zi”:l exp(Atrtu)

(2.11)

The version of self-attention we use is a causal one, that is the output at time ¢ only depend on
inputs at previous time steps #' < t. This is not the most general version of attention but it is
the one we consider in this thesis and the one that powers the vast majority of current large
language models.
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which specify where the model attends when processing x;. Finally, these
attention patterns are used to linearly interpolate the previous inputs:

t
ve=Wy Y appxp. (2.12)
=)

with Wy the value matrix. Note that v; = Wyx; is commonly referred to
as values; we here move the value matrix outside the sum to emphasize
that attention is just a linear transformation of the input once the attention
scores are computed. This view is particularly useful when analyzing the
internals of Transformer models [29], which we will do in Part ii.

Transformers employ multiple such heads in parallel, which are then lin-
early combined. This multi-head design allows for greater flexibility as a sin-
gle layer can capture different types of relationships simultaneously—some
heads might focus on syntactic dependencies while others capture semantic
associations.

By design, the attention mechanism is permutation-invariant: shuffling
previous inputs would produce an identically shuffled output. For sequence
modeling tasks where order matters, this poses a challenge — the order
of words in a sentence clearly affects meaning. Transformers address this
limitation through positional encoding, which adds learned or deterministic
positional information to the input embeddings [21, 22, 136, 137].

The power of Transformers comes with computational costs. The atten-
tion mechanism scales quadratically with sequence length: processing a
sequence of length T token per token requires O(T?) memory and computa-
tion. For very long sequences, this becomes prohibitive, motivating ongoing
research into more efficient attention mechanisms, sparse attention patterns,
as well as the recent renewed interest in efficient recurrent networks we
mentioned in the last section. Despite this limitation, the combination of
parallelizability, long-range connectivity, and strong empirical performance
has made Transformers the dominant architecture for sequence modeling
across domains from natural language processing [23, 138] to computer
vision [139, 140] and beyond.
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FIGURE 2.1: STRUCTURE OF MODERN DEEP LEARNING ARCHITECTURES. (left) Modern
sequential deep learning models are typically built as follows: the representations
of the input tokens x are progressively enriched by the L blocks that constitute
the entire network. Each block typically has a sequence mixer, often attention and
sometimes recurrence, whose main role is to move information between tokens, and
a feature mixer (i.e., a multi-layer perceptron) which will process the representa-
tions of each token individually. Each mixer is preceded by a normalization layer.
(right) Zoom in the two main types of sequence mixers: recurrence and attention.
Recurrence maintains a hidden state # which summarize the past input sequence,
whereas attention directly interpolates between all past tokens.

2.1.4 The deep learning stack

We are now equipped to introduce the architectures behind most modern
deep learning architectures. At a high level, such architectures interleave se-
quence mixers, which are in charge of moving around information between
tokens, and feature mixers, which transform each token independently,
cf. Figure 2.1 (left). Sequence mixers are sequence modeling layers such
as attention, or sometimes recurrent layers. Feature mixers are typically
1-hidden layer multi-layer perceptrons with a hidden layer that is 4-times
larger than its input and output dimension. This architecture is the result
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of many years of architectural evolution, with tiny but important changes
being progressively adopted by the community®.

This structure ends up being surprisingly similar between different modal-
ities, from text to vision and speech, which highlights the generality of
this design pattern for sequence modeling. Effective neural computation
therefore emerges from the interplay between mechanisms that route in-
formation through time (sequence mixers) and mechanisms that transform
representations in space (feature mixers). This duality will prove central to
understanding how neural networks learn, generalize, and ultimately solve
complex problems. This separation will be particularly useful in Part ii as
we aim to understand which solutions some attention-based models learn,
and how they are acquiring it.

2.2 LEARNING ALGORITHMS FOR NEURAL NETWORKS

Training large neural networks to perform complex tasks presents a funda-
mental challenge: how do you adjust millions or billions of interconnected
parameters to progressively improve behavior? Early approaches to neural
network training, such as Hebbian learning [2], tried to mimic how the
brain learns and were attempts to ground artificial learning in biological
reality. Instead of constraining learning algorithms to mirror biological
processes, researchers like Hinton, Rumelhart, and their collaborators [36]
focused directly on optimizing performance metrics. This shift — from
constraint-driven to objective-driven learning — unlocked the potential of
neural networks and established the foundation for modern deep learning.

This section covers the mathematical foundations underlying neural net-
work training that will be needed for the rest of the thesis. We start by for-
malizing learning as an optimization problem and examine the algorithms
that make large-scale training possible. We then explore backpropagation,
the algorithm enabling efficient gradient computation in neural networks.
Finally, we dive into the mathematical details underlying the vanishing and
exploding gradient problem we have mentioned above.

For example, the normalization layer was one the residual stream in the original Transformer
architecture [21], but now appears in each residual block (as shown in Figure 2.1) in more
recent architectures [141].
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2.2.1 Learning as optimization

Learning, at its core, typically involves interacting with an environment and
using outcomes of these interactions to progressively improve behavior. In
neural networks, this idea is usually formalized as an optimization problem
in which we seek parameters that minimize a loss function measured over
data. For this thesis, we focus on supervised and self-supervised learning
scenarios in which the learning agent does not actively choose how it
interacts with the environment. In particular, we exclude reinforcement
learning despite its relevance for biological learning [142], as action selection
introduces additional complexity such as non-stationarity of the training
data distribution. Yet, the supervised setting already provides sufficient
richness for our investigation.

The learning problem is defined by a loss function ¢ that measures how
well the model performs. Learning is achieved by minimizing expected loss
between predicted and target outcomes:

[:(9) = IE(x,y)ND[g(]?ly)] (2.13)

where D represents the true data distribution, § € R? represents the model
parameters, x is the input,  the model prediction, and y the target out-
put. This framework is quite general. In image classification, x might be
a high-dimensional image and y a categorical label, with cross-entropy
loss measuring classification accuracy. In language modeling, x can be a
sequence of tokens and y the next token, allowing models to learn language
structure.

In general, the training distribution is not known. Machine learning algo-
rithms typically optimize a surrogate objective that replaces the true data
distribution with a finite number of samples drawn from that distribution.
This creates a discrepancy between the training objective and the true objec-
tive of interest, sometimes referred to as the generalization gap. Given that
the focus of this thesis is rather on optimization than generalization, we do
not thoroughly discuss this kind of consideration.
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2.2.2  Stochastic gradient descent and adaptive optimizers

Optimizing such a loss function is not an easy task. First, both param-
eter spaces and datasets are enormous’, making classical optimization
approaches computationally intractable. Second, neural network loss func-
tions are highly non-convex, full of local minima, saddle points, and flat
regions that can trap optimization algorithms [143]. Third, unlike convex
problems, neural networks lack structure that algorithms can systematically
exploit.

One simple algorithm has proven surprisingly successful to solve these
challenges: stochastic gradient descent [144, 145]. The parameters of the
model are updated according to

Or1 = 6 — % Y Ve l(9(xi,0:), i) (2.14)
| | i€B

where 7 is the learning rate and (x;, ;) are sampled from a random batch

B of training examples and §; is the output of the network on input x;t,

using the current parameters 6; of the network.

While stochastic gradient descent provides the conceptual foundation, prac-
tical training often requires more sophisticated algorithms. Vanilla gradient
descent has several limitations such as slow convergence on ill-conditioned
problems and sensitivity to the choice of learning rate. Modern optimizers,
the most widely used being Adam [146], partially solve this issue by incor-
porating momentum [147, 148], which averages past update directions, and
per-parameter adaptive learning rates [149, 150]. While feedforward and
convolutional networks often train well with stochastic gradient descent
and momentum, Transformers and recurrent networks frequently require
Adam [151]; Chapters 3 and 6 will provide concrete examples.

Despite its extensive practical use, the effectiveness of stochastic gradient
descent and its variants remains one of the theoretical mysteries of deep
learning [152, 153].

7 Current state-of-the-art language models have hundred of billions parameters and are trained
on trillions of examples
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2.2.3 Backpropagation: computing gradients efficiently

The gradient-based methods we have discussed require efficiently comput-
ing gradients with respect to network parameters. The backpropagation
algorithm makes it possible. Backpropagation is the application of the chain
rule [144] to neural networks. Werbos [154] first applied these ideas to neu-
ral networks, though the approach gained recognition following Rumelhart
& McClelland [36]. Below, we derive the backpropagation equations and
use this mathematical exposition as an occasion to discuss vanishing and
exploding gradients more formally.

Before doing so, we introduce the notation for derivatives that we will use
consistently in the thesis. We will use d for total derivatives and 0 for partial
derivatives. We use total derivatives to emphasize that the derivative is taken
over multiple operations and partial derivatives when the differentiated
quantity directly depends on the variable of interest. For example, we use
total derivatives when differentiating the loss with respect to the parameters
of a remote layer (d:£) and partial derivatives when differentiating the
activation of one layer with respect to the ones of the previous layer (9, 1)
We find this convention helps distinguish between local computations and
global ones. Finally, we use the row convention for derivatives, which
means that the derivative of the loss with respect to some parameters is a
row vector. The gradient V is then the transpose of this derivative and is
therefore a column vector (Equation 2.14 is thus consistent notation-wise).

2.2.3.1 Backpropagation for feedforward networks

Recall the definition of a feedforward network with L layers:

hyg = x (2.15)
hy=p(Wh_1+0b) forl=1,...,L (2.16)

Introducing z; := Wjh;_1 4 b; and using the chain rule, we get that the
gradient of the loss with respect to weights in layer / is:

de  de oz de

clT/Vl = dizlaiwl = l—ldle (2.17)
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The key insight is to consider the error term ¢', defined for each sample

as o' = % and computing it recursively, starting from the output and
zZ
updating it backwards through
de ’
(s

o = az; (2.18)
9z ode T (2.10)
© 9z dzip 9
= (Wﬁrlélﬂ) ®p' () (2.20)

where © denotes element-wise multiplication. We initialize the recursion at

. T .
the output layer with 6 = % . For example, 6% = E[f) — y] for the mean
square error loss. With these error terms, the gradient formula becomes:

Vil =0dh"y, Vyl=24. (2.21)

Intuitively, gradient descent will modify the weights so that the outputs
corresponding to inputs that are similar to & move towards the direction
given by ;.

Computationally, this implies that one can efficiently calculate gradients by
first performing a forward pass to compute activations, keeping them in
memory, and then backpropagating errors through the layers. The complex-
ity of the backward pass is the same as that of the forward pass, making
backpropagation particularly efficient.

2.2.3.2 Backpropagation through time

The derivation detailed above for feedforward neural networks extends to
recurrent neural networks, with time playing a similar role to depth. The
resulting algorithm is called backpropagation through time (BPTT). The
main differences with backpropagation on feedforward networks are that an
input is fed to each time step and that the loss is potentially measured at all
time steps (whereas it is typically measured in the last layer in feedforward
networks).

Let us consider recurrent networks whose hidden state updates are gov-
erned by the equation
i1 = fo(ht, Xe11) (2.22)
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and whose output at time f is

9t = go(hu). (2.23)

Note that this notation captures all the recurrent networks we have intro-
duced in Section 2.1.2. For sequence modeling tasks, the total loss is a sum
of per time-step losses:

T
L(0) = E(ry)~p lz Et(]?t/yt)] : (2.24)
=1

Let us now derive the backpropagation through time equations. First, we
define, as before, the error terms J;:

et Lode, T’

Op 1= — - .
= =L (2:25)
It can be computed recursively from the last to the first time step:
d/
T —_
% =
Lodey o4
IR TR
S (2.26)

L dly ol N oty
T O %
H19n T ol

=90

In the second line, we split the loss ¢ into the current term ¢; and future
terms {y (t' > t). The future terms all depend on the Jacobian 0y, h; 1 (third
line), so we factorize it and remark that the remaining term is dj,, £ = ¢4
in the last line. Finally, we get the following formula for the gradient:

A, ol
Z 26 % 38 (2.27)

Note that dg/; is essentially computing the derivative through the readout
function gy and dgh; corresponds to the derivative of the (last) recurrent
update function fy with respect to its parameters. Importantly, it is possible
to compute it with only information currently available at time ¢. For



2.2 LEARNING ALGORITHMS FOR NEURAL NETWORKS

vanilla recurrent networks (h;11 = p(Wh; + Ux;q + b)), the update rule
for the recurrent weights W takes a similar form to the one for feedforward
networks (see Equation 2.21), except that the error term has now been
backpropagated through time and thus depends on future losses.

As for the feedforward case, the compute time for the backward pass scales
linearly with the number of layers. However, as the number of time steps
eventually grows to infinity when processing longer sequences, the memory
requirements can become a bottleneck. To circumvent that, some techniques
involve truncating the backward pass by splitting the sequence into multiple
chunks and not letting gradients flow between them?®. Alternatively, real-
time recurrent learning offers an appealing alternative method to compute
the gradient whose memory complexity does not scale with sequence
length; we review it in the next section.

2.2.3.3 Real-time recurrent learning

Backpropagation through time is an example of backward-mode differenti-
ation [156], whereas real-time recurrent learning (RTRL) is forward-mode
differentiation applied to recurrent neural networks. Instead of computing
error terms, which depend on future losses, real-time recurrent learning
keeps track of a sensitivity matrix, which captures how the hidden states
depend on the parameters 6 of the network. This quantity effectively acts
as a summary statistic that is enough to compute the gradient of the loss at
any given time step, without having to do any backpropagation.

To derive the real-time recurrent learning equations, we first need to intro-
duce the sensitivity matrix s;:

dh;
5 1=

=0 (2.28)

As for the error terms, the sensitivity matrix is defined for each sample.
Note that, however, it does not depend on any loss term so it only depends

8 Such a technique is called truncated backpropagation through time, e.g. [155].
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FIGURE 2.2: COMPARISON OF BACKPROPAGATION THROUGH TIME AND REAL-TIME
RECURRENT LEARNING. In backpropagation through time, an error vector 6 which
captures information about all future losses is backpropagated starting from the
last time step (5t dh,f ). The current error J; is the sum of the backpropagated
next error (aht t419¢) and the instantaneous error the hidden state receives (9, ¢:),
as highlighted by the red arrows. The gradient at time ¢ is the multiplication of
the current error J; with how the parameters directly affect the current hidden
state (dghy). See Section 2.2.3.2 for derivations and additional details. In real-time
recurrent learning, a sensitivity matrix s which captures how the parameters how
the parameters affect the current hidden state (s; = dgh;). The next sensitivity is the
sum of the current dependency of the hidden states on the parameters (dpht) and
the propagated previous sensitivity (/1 s¢). See Section 2.2.3.3 for derivations
and additional details. In backpropagation through time, the gradient is given by
the multiplication between the current sensitivity and the total error, whereas in
real-time recurrent learning it is between the total sensitivity and the current error.
This backward- versus forward-looking difference is conceptually important, as
backpropagation requires storing the trajectory of hidden states and revisiting in
reverse time during the backpropagation phase. Real-time recurrent learning does
not suffer from this issue, but requires storing a potentially large matrix in memory.
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on the input x and not the target y. The sensitivity matrix satisfies the
recursive formula

_ dhiy
St+1 - d@
Oy | Oy diy
)] oh; do (2:29)
_ Oh 3ht+1s
00 ohy !

meaning that it can be updated simultaneously with the hidden state, as
highlighted in Figure 2.2. We can then combine it with spatially backpropa-
gated errors to compute the total gradient:

Z

Compared to backpropagation through time, whose second term is the
combination of total errors, which contain information about the future,
and the current sensitivity of the hidden state on the parameters, real-time
recurrent learning leverages the current error and the total sensitivity of
the hidden state on the parameters, aggregated over all previous updates.
This property makes it possible to run the latter totally online, that is, one
time step after the other. This property makes the algorithm particularly
appealing when it comes to physically or biologically plausible learning.

o | (2.30)

The online property of real-time recurrent learning comes at a cost: memory
and compute complexity. The sensitivity s is a matrix of size number of
hidden neurons times number of parameters. When the parameters include
dense recurrent connections, as it is the case in vanilla recurrent networks or
gated ones, this scales cubically with the number of hidden neurons®. The
memory footprint of backpropagation through time scales linearly with the
number of hidden neurons and the sequence length, and is thus smaller for
short sequences. The number of operations needed to update the sensitivity
matrix (Equation 2.29) is typically quartic in the number of hidden neurons.
For these reasons, plain real-time recurrent learning is infeasible in practice
and has either to be approximated [157, 158], sampled [159-161] or applied
to specific architectures [162-165] to be tractable. Chapter 4 will consider
recurrent layers in which real-time recurrent learning is tractable, as well as
approximate it to deal with deep recurrent networks.

9 Such a weight matrix connects all hidden neurons to all hidden neurons, and thus has n?
parameters with n the number of hidden neurons
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Finally, one can wonder why we did not introduce the equivalent of real-
time recurrent learning for feedforward neural networks. Such an algorithm
would have appealing properties as gradients could be computed in one
single (large) forward pass. However, feedforward networks do not have
the weight-sharing features in recurrent networks. As a consequence, one
needs to keep track of the sensitivity of the hidden state with respect to
all upstream parameters, which is even less tractable than the recurrent
version we discussed above. Yet, recent work has investigated randomized
versions of these ideas for feedforward neural networks [166, 167].

2.2.4 Signal propagation and its effects on optimization

As we mentioned earlier, stochastic gradient descent and its variants can
only efficiently optimize neural networks in certain regions of the parameter
space, and different architectures could facilitate learning. Now that we
have introduced the mathematics behind gradient calculations, we are
equipped to understand these limitations in more depth. The core challenge
lies in how gradients propagate through deep networks or long sequences
and fundamentally determines the structure of the loss landscape and the
efficiency of gradient-based learning.

2.2.4.1 The vanishing and exploding gradient problem

The vanishing and exploding gradient problem [49-53] arises in deep
feedforward networks and recurrent networks processing long sequences. It
arises due to the inherently sequential nature of signal processing in these
networks. The dependency of outputs on remote neurons tends to increase
or decrease exponentially with the number of steps between the output
and remote layers. To formalize this mathematically, we can look at how
changes to the hidden state /; influence a downstream hidden state f; ;.
The chain rule gives
dhiiai _ 1y Ohis

= 2.31
an —Uan (2:31)

We use i to index the hidden state to emphasize that it can both be indexing the layer I in a
feedforward network or the time ¢ in a recurrent network.
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This product of Jacobians is particularly important as it directly determines
how error signals backpropagate to remote hidden states and thus deep
credit assignment. For example, in feedforward neural networks, we have

T_

T
d; oy o . (2.32)

The behavior of this product critically depends on the eigenvalues of the
individual Jacobians Bzﬁﬁ' If the largest eigenvalue Amax across all Jaco-
bians satisfies Amax < 1, then the product converges exponentially to zero
as Ai increases, leading to vanishing gradients. Conversely, if Amax > 1, the
product (can) grow exponentially, causing exploding gradients. This analy-
sis directly connects to the concept of Lyapunov exponents from dynamical
systems theory, which characterize the rate of convergence or divergence
of nearby trajectories [168]. The vanishing gradient regime corresponds
to Lyapunov exponents smaller than o, whereas the exploding gradient
one corresponds to exponents greater than 0 (and thus chaotic systems).
A corollary of this analysis is that chaotic systems are particularly hard to

learn [169, 170].

For recurrent neural networks, the situation is more nuanced than this
simple analysis suggests. It does emphasize that learning long-range de-
pendencies, as they will either contribute very little to the overall learning
signal or will entirely dominate. However, due to parameter sharing across
time steps, the total gradient with respect to the recurrent weights does
not reduce to a single contribution or a single path in the computation
graph, as it is the case for feedforward networks. In recurrent networks,
vanishing and exploding gradients are therefore not the end of the story.
Understanding these behaviors in linear networks and their impacts on
learning dynamics is the main contribution of Chapter 3.

2.2.4.2 Signal propagation analysis

To develop a more precise understanding of these effects in neural net-
works, we can examine how signals, both hidden states and error terms,
propagate throughout the network. Ideally, we would like these quantities
to have similar constant magnitude, regardless of the width and depth
of the network, in order to let every layer / time dependency contribute
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equally to the gradient. This property is closely related to the vanishing and
exploding gradient analysis above: maintaining constant gradient magni-
tudes requires the product of Jacobians to remain bounded despite deeper
or wider networks.

Consider a simple feedforward network with no non-linearity, assuming
that the inputs and the weights are independently drawn from normal
distributions with mean 0 and, for simplicity, that inputs and hidden
neurons have the same dimension n. First, we can remark that all the
hidden states are 0-mean and normally distributed due to the properties of
the product of independent normally distributed random variables. We can
leverage this property to compute the expected norm of the hidden state of
the different layers through the recursive formula

Ey [l l?] = L E i)

iz

n n 2

= LE (Z Wit,ij hz,;)

i=1 j=1
.illE [leJrl,ij} IE {hlz,]} (2:33)
ij=
nlE [wz} ]é E [hl%j}

=nE [wz} Ex [Ilhzl\z}-

In the third line, we have used the independence of the weights W; 1 and
the hidden states /; and in the fourth line that all entries of W;; are i.i.d.
One can do a similar analysis for the backward pass and show, assuming
that the weights are independent to the backpropagated error'’, that

E [[16/]12] = nE[?]E [||ér41]?] (2:34)

As a consequence, the variance of the weight distribution should scale as
1/n for gradients to be well-behaved. Saxe, McClelland & Ganguli [59]
showed that when this condition is satisfied, a deep linear network can
learn in finite time.

This is technically not true, but this heuristic derivation enables to quickly estimate how this
quantity will evolve.
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This analysis reveals the importance of adapting the initialization scheme
for the network parameters depending on some of the properties of the
network, here width. Similar ideas can be used to derive such schemes for
non-linear networks and for layers of varying width [26, 83].

2.2.4.3 Connection to loss geometry and optimization

A question remains: why is maintaining consistent gradient magnitudes
crucial for optimization? Part of the answer lies in the geometry of the loss
landscape, particularly the conditioning of the optimization problem. An
important quantity in understanding gradient-based optimization dynamics
is the Hessian matrix H = V2L, which describes the local curvature of the
loss function. Effective optimization requires small learning rates in sharp
directions (large eigenvalues of H) to avoid overshooting, but large learning
rates in flat directions (small eigenvalues) to make progress. The condition
number k(H) = Amax(H)/Amin(H) quantifies this trade-off: the larger the
condition number, the slower gradient descent converges [171].

For neural networks, the Hessian is closely related to the gradient covariance
matrix, particularly when the model is overfitting the training data [172].
Indeed, the Hessian generally rewrites as

dyp'a2¢dy  ord?y
H=E 36 2 do T ag de? (2.35)
and the second term vanishes when the model fits the training data and
the loss gradient dy{ is close to 0. Recall that 7 is the output of the model,
that the expectation is taken over the training data, and that ¢ is the loss
that measures the discrepancy between the produced outputs and a target
y. Up to some rescaling induced by the specific choice of the loss function
{, the Hessian is thus the gradient covariance matrix

AT 1A
E % dy] (2.36)

do df

The trace of this matrix, which equals E[|| Vg ||?], provides insight into the
eigenvalue structure’. The analysis we reviewed in the last section therefore

Mathematically, the norm is equal to the trace of the Hessian, which is itself equal to the sum
of the Hessian eigenvalues
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directly provides insights into the structure of the loss landscape by looking
at the gradient magnitude. When gradient magnitudes vary dramatically
across different parts of the network — as happens with vanishing and
exploding gradients — the resulting Hessian becomes poorly conditioned.
Sharp and flat direction can have a specific structure, as it is the case with
vanishing gradients'3, but this structure can be more intricate. Maintaining
consistent gradient magnitudes therefore helps in ensuring that gradient-
based optimization remains well-behaved, and in enabling efficient learning
across all parameters of the network.

13 In this case, flat directions correspond to the parameters of the first layers, and sharp directions
to the one of the last layers.
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RECURRENT NEURAL NETWORKS:
VANISHING AND EXPLODING GRADIENTS ARE NOT
THE END OF THE STORY

The contents of this chapter were published as a conference paper at
the annual conference on neural information processing systems in
2024 [173] and authored by Nicolas Zucchet and Antonio Orvieto.

3.1 INTRODUCTION

Recurrent neural networks [RNNSs; 99, 174] have long been the canonical
architecture for modeling temporal data [53, 175]. However, they are notori-
ously difficult to train on long sequences, as error signals flowing backward
in time tend to either vanish or explode [49-52]. Attention mechanisms [135],
as featured in transformers [21], address these issues by enabling direct
token-to-token communication, considerably simplifying signal propaga-
tion across long time intervals. Yet, their superior performance comes with
increased computational and memory costs, due to their quadratic scaling
in the sequence length. This limitation has motivated significant research
aimed at making transformers more efficient [176-180].

A promising line of research in this direction involves a new type of linear
recurrent networks known as deep state-space models [SSMs; 54, 6771,
108]. These models trade expressivity for faster training speed, and they
have been shown to be particularly effective at capturing long-range depen-
dencies. In this paper, we wonder whether this effectiveness can be solely
attributed to their ability to avoid vanishing and exploding gradients. The
simplicity of such models presents an opportunity for in-depth theoretical
analysis. We focus on signal propagation within these models.
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After reviewing classical results on recurrent neural networks in Section 3.2,
we demonstrate that they can suffer from an understudied problem: as
the recurrent network encodes longer memories, the network’s activity
becomes increasingly sensitive to changes in its parameters, even when its
dynamics remains stable. In Section 3.4, we then show that SSMs, as well
as other architectures such as LSTMs, are well equipped to mitigate this
issue. We then analyze a simple teacher-student task (Section 3.5). This task
already reveals the remarkable complexity underlying the learning of linear
recurrent networks and enables us to verify empirically our theory. Finally,
we discuss how our findings extend to more realistic scenarios (Section 3.6),
both in terms of architectures and data. Overall, our paper provides the-
oretical insights into the training of recurrent neural networks, an area
where such analysis is rare. While vanishing and exploding gradients are
well-known challenges, our results demonstrate that this is not the end of
the story — there exists an additional layer of complexity beyond them.

3.2 VANISHING AND EXPLODING GRADIENTS

Let us recall the notations we use and the vanishing and exploding gradient
problem. Further detail can be found in the background section.

We consider a recurrent neural network with hidden state /;, update func-
tion fp parametrized by 6, and input sequence (x;). The average perfor-
mance of the network is measured by a loss £. We have

T
th(ht)] . (31)
t=1

The gradient of the instantaneous loss ¢; with respect to the parameters 0 is
then equal to

hiy1 = fo(ht, x411) and L=

d¢; 9l dhy 94 dh; 9fy

IR ath@ = ath tkt@@(}lt/—l/xt') (3-2)
Recall that we used 0 to denote partial derivatives and d for total deriva-
tives. Using this notation enables us to distinguish between Bhfft, which
corresponds to the error backpropagated from the current loss term to the
hidden state through the readout function, and dj, £, which accumulates
the errors that are backpropagated through the future hidden state values.
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In particular, 9, L = 9,4y and dp,, £ = 9y, 0(ht) + Ly~ dp, £y (hy). When
stacking several recurrent layers on top of each other, d, £ corresponds to
the current error being backpropagated to the hidden state /; through the
hierarchy of the network and dj, £ to future error signals backpropagated
through the recurrence.

Early work [49] highlighted the difficulty for gradient descent to make
recurrent neural networks remember past inputs that will later be useful to
produce a desired behavior. This is due to the fact that error signals flowing
backward in time tend to either explode or vanish. The key quantity is

dhy ath
dny

19
H f9 (i, Xig1). (3-3)

i—p Ohi

One can remark that this quantity exponentially converges to o when
the spectral radius of the Jacobian 9y, fy is upper bounded by a constant
strictly smaller than 1, and can exponentially explode if there exists some
component bigger than 1. The error signal at time t backpropagated to
time # behaves similarly, as dp, £+ = O, Ly djyhy. Gradient-based learning of
long-term memories is thus difficult: the contribution of past hidden states
to the current loss becomes either negligible or predominant as the time
span considered increases.

Since then, the analysis has been refined [50-52] and the development of
recurrent architectures has mostly been driven by the desire to solve this
pathological issue. Most famously, the LSTM [53] unit, and later on the
GRU [132], solve this problem by using memory neurons that facilitate
direct information storage and retrieval, and thus facilitate error backprop-
agation. Other approaches to solving this problem, to name a few, involve
gradient clipping [52, 181], activity normalization [86, 87, 182], careful
weight initialization [183, 184] or enforcing architectural constraints such
as hierarchical processing [185, 186], orthogonal weight matrices [187-189]
and oscillations [190-192].

3.3 THE CURSE OF MEMORY

According to common deep learning wisdom, it is often believed that
solving the vanishing and exploding gradients problem enables recurrent
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neural networks to learn long-term dependencies. We challenge this view
and question:

Is solving those issues really enough to ensure well-behaved loss
landscapes and enable learning long-range dependencies?

We answer negatively by showing that gradients can explode as the mem-
ories of the network are kept for longer, even when the dynamics of the
network remains stable.

3.3.1 Intuition

Recurrent neural networks have something special: the very same update
function fy is applied over and over. Therefore, modifying the parameters 6
will not only influence one update, as changing the weights of a given layer
in a feedforward neural network would, but all of them. As the memory of
the network gets longer, the hidden states keep a trace of the effects of more
updates. Hidden states thus become increasingly sensitive to parameter
changes. This is the curse of memory. We borrow the term from [193, 194],
although we use it in a different context, and note that Martens & Sutskever
[195] hypothesized that such a phenomenon could arise in RNNs and
hinder their optimization.

Let us formalize our intuition by considering the sensitivity of the hidden
state hi; on the parameters 6:

dhe dhs 3fy

=5 = = (hy_1,xp). (3-4)
de =t dhy 96

When information stays in the network’s memory for longer, the number
of non-negligible Jacobian dj, /i terms increases. As a result, the magni-
tude of this sensitivity increases when the network encodes longer-term
dependencies, and learning 6 becomes trickier. It is crucial to observe that
this phenomenon arises even when exploding gradients are removed from
the picture by constraining the eigenvalues of the recurrent Jacobian to
be smaller than one and ensuring that the network dynamics remains sta-
ble. The rest of this section will be dedicated to studying this behavior
quantitatively.
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FIGURE 3.1: OPTIMIZATION OF RECURRENT NEURAL NETWORKS GETS HARDER AS THEIR
MEMORY INCREASES. A. Evolution of the second moment of d,/; as a function of
the recurrent parameter A and of the input x auto-correlation decay rate p, when
hiy1 = Aht + x¢. As the memory of the network increases (A — 1), h; becomes
more sensitive to changes in A, particularly as the elements in the input sequence
are more correlated (o — 1). The explosion of dh; is faster than the one of 4, as

highlighted with the grey line obtained for p = 1. See Section 3.3.2 for more detail.

B, C. Illustration of the phenomenon on the toy one-dimensional teacher-student
task of Section 3.5.1, in which the teacher is parametrized by a real number A* and
the student by a complex number A. In B, A varies on the real axis, and it varies
on the circle of radius A* parametrized by 6 in C. The loss becomes sharper as
information is kept longer in memory, making gradient-based optimization nearly
impossible.
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3.3.2  Signal propagation in linear diagonal recurrent neural networks

We study how hidden state and gradient magnitudes evolve as the network
encodes longer-term dependencies. Ideally, these quantities do not vanish
or explode, as it improves the conditioning of the loss landscape [91] and
eases optimization [88, 9o]. We operate under the following assumptions:

a)

Linear diagonal recurrent neural networks. We restrict ourselves to
update functions of the form fy(ht, x¢41) = A © ht + x4 with A a vector
of the size of i; and © the element-wise product. For ease of exposition,
we present results for real-valued A here; see Appendix A.2.2 for the
complex-valued setting. While this assumption is strong, it allows us to
identify some crucial mechanisms and models like S4 [54], S5 [68] and
LRUs [69] satisfy it. We later show that our analysis can model some
features of more sophisticated networks. Note that we do not consider
the input and readout mappings usually featured in recurrent layers
as they are feedforward layers and signal propagation within them is
already well understood [e.g., 83, 84].

Infinite time horizon. We consider infinite sequences and initialize the
network dynamics at t) = —oo. It simplifies our calculations while being
a reasonable assumption when the sequences considered are longer
than the characteristic timescales of the dependencies we want to learn.

Wide-sense stationarity. We assume the different quantities that the
network receives, which include the inputs x;, to be wide-sense station-
ary (WSS). A random process X; is said to be WSS if its auto-correlation
function is independent of time, that is, for all t € Z and A € Z,
Ex [X;+aXt] =: Rx(A), where Ex denotes the expectation over the data.
It corresponds to assuming that the statistics of the data are invariant to
time shifts. This is a standard assumption when analyzing stochastic
processes [196]. It keeps our calculations concise and does not qualita-
tively affect our conclusions (cf. Section 3.6). We discuss how to relax it
in Appendix A.2.2.4.

We are now equipped to analyze signal propagation in one recurrent layer,
both in the forward and backward passes. We show that both hidden states
and backpropagated errors explode as [A| — 1.
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FORWARD PASS. Here, we are interested in understanding how the
hidden state second moment [E[h?] evolves as a function of A and of the
input auto-correlation function Ry. After a calculation that we defer to
Appendix A.2.2, we obtain

E [h%} - ﬁ (Rx(o) +2 Y )\ARx(A)>. (3.5)

A>1

Importantly, this quantity goes to infinity as longer-term dependencies are
encoded within the network, that is |A| — 1. Additionally, the divergence
speed depends on the input data distribution: it increases as consecutive
time steps in the input distribution become more correlated (i.e., less of the
Ry (A) terms are negligible). This behavior already highlights potential diffi-
culties of gradient-based learning of deep neural networks containing linear
recurrent layers as the variance of neural activity can become arbitrarily
large, hindering learning abilities of deeper layers.

BACKWARD PASS. Let us first derive the gradient of the loss with respect
to A. Using the chain rule we have d)£ =}, dj,, ¢ dyh;. We thus seek to
understand how djh; behaves. We remark that djh; 1 = Adyhy + hy so that
dah; is a low pass filtered version of the hidden state, which is itself a low
pass filter version of the inputs. It therefore comes as no surprise that the
second moment of d,h; diverges faster than the one of &y when |A| — 1.
More precisely, we get

2 2
<(31hAt> ] - (11—+AAZ>3 (Rx“)) +2) AARAA))

A>1

E

+ (12}\2)2 <Z A)\ARX(A)>. (3.6)

A>1

We plot the exact behavior of this quantity when the auto-correlation
of x satisfies Ry(A) = pl®l on Figure 3.1 and refer the interested reader
to Appendix A.2.2 for a derivation of Equation 3.6. More generally, the
hidden state of the network, and thus its final output, becomes increasingly
sensitive to changes in recurrent parameters as the network reaches the
edge of dynamical stability (|A| — 1).

The last quantity we need to consider is the error that is backpropagated
to the inputs x of the recurrent layer. It can be observed that the backward
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pass is dual to the forward pass in the sense that it is a recurrent process
that receives backpropagated errors dj,, £ and it runs in reverse time:

dC _dLAk _ dL Oy 0L dL 9k )
dx;  dhiox:  dhpy oy ok dhyy | ohy’ 37

in which we made use of dy,/1; = 1. It follows that the analysis we did for
the forward pass also holds here. Crucially, this implies that the explosion
behavior will be most significant for the recurrent parameters rather than
for potential input or readout weights.

3.3.3 Extending the analysis to the non diagonal case

We now generalize our results to fully connected linear recurrent neural
networks of the form h; 1 = Ahy + x;. For the sake of the analysis, we
assume that A is complex diagonalizable, that is there exists a complex-
valued matrix P and a complex-valued vector A such that A = Pdiag(A)P~1.
Note that this occurs with probability one under random initialization of
A [69]. In this case,

hy = PH{"™8 with k{8 = diag(A)h{ "8 + P~ x; G8)

and . ;
d _ah 0P, ah dIii"foA oy dm*ap!
dA 0P JA ahfiag dA JA ah?iag dP-1 09A °

(3-9)

From the analysis above, we know that the dominating term in the limit
|[A| = 1 among dph;, dpyh; and d;lht is dyh, as P and P! act as read-
out and input weights. Given that all other terms do not directly depend
on the magnitude of A, we have that dgh; ~ Bh;ﬁaght dAh?Iag 0aA; cf. Ap-

pendix A.2.2.3 for formal statements. This has two consequences: First, the
sensitivity of &; on A will explode as longer memories are encoded and
this directly comes from the eigenvalues of A. Second, as each entry of
A typically impacts all eigenvalues of the matrix, the explosion behavior
will be distributed across all entries, whereas it was concentrated on the
eigenvalues for the diagonal case. We will later observe that this has signifi-
cant practical consequences and partly explains why fully connected linear
RNN:Ss are difficult to train. As a side note, we remark that enforcing the
matrix A to be orthogonal solves vanishing and exploding gradient issues
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FIGURE 3.2: ILLUSTRATION OF THE EFFECTS OF NORMALIZATION AND REPARAMETRIZA-
TION. It can effectively control the magnitude of A. E[h?] and B. E[(d,/)?] over
all A values when the input auto-correlation satisfies Ry(A) = pw with p = 0,
but does not manage do to so for other type of distributions (0 # 0). Here,
we use 7(A) = v1—AZ, decouple it from A when differentiating, and take
A = exp(—exp(v)), as in [69]. The grey line indicates the value the two quan-
tities take without any normalization and reparametrization, when p = 1.

but these weights may remain sensitive to learn because of the curse of
memory.

3.4 MITIGATING THE CURSE OF MEMORY

We have discussed the sensitivity of recurrent networks to parameter up-
dates. Given this problem, how can it be mitigated? We show that recurrent
networks with diagonal connectivity are particularly well-suited for this
purpose. Besides enabling control over the Jacobian and avoiding exploding
gradients, they facilitate the mitigation of the curse of memory. We addi-
tionally highlight that deep state-space models and gated RNNs inherently
incorporate such mechanisms.

3.4.1 A solution: normalization and reparametrization

Both forward and backward passes explode as the network encodes longer
memories. When k1 = Ahy + x;41, we argue that it is relatively straight-
forward to mitigate this effect. We aim to keep E[h?], E[(d)ht)?] and
E[(dy,/t)?] independent of A, similar to initialization schemes that main-
tain the magnitude of neural activity constant in deep networks [83, 84],
regardless of the layer width [88-9o0].
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INPUT NORMALIZATION. A simple way to enforce [E[/?] to stay constant
is to introduce a scaling factor () applied to the inputs a neuron receives,
that satisfies 7(A)2E[k?] = ©(1). Given that the backward propagation of
output errors to inputs is dual to the forward pass, the role of y in the
backward pass will be similar. The value < needs to take therefore both
depends on the input distribution to normalize the forward pass, as well as
on the output error distribution to normalize the backward pass. Perfect
normalization is likely unrealistic, but some normalization can help, as
shown in Figure 3.2.A.

EIGENVALUE REPARAMETRIZATION. We are now left with keeping
the gradient of the loss with respect to A under control. Input normaliza-
tion partly reduces the memory-induced exploding effect, but not entirely
as the variance of d,h; is much larger than the one of h; (cf. Fig.3.1.A).
Reparametrization can close that gap. Indeed, if A is parametrized by
w, we have that d,hy = dyhidyA. Choosing a parameterization that is
more and more granular as A goes to 1 thus helps in keeping the mag-
nitude of d/; constant. Assuming 7 is independent of A for simplicity,
achieving E[(dwht)?] = ©(1) requires solving the differential equation
Y(A)?A (w)?E[(daht)?] = 1. While deriving a universal optimal parametriza-
tion is again unrealistic due to dependency on the input distribution,
reparametrization definitely helps, as shown in Figure 3.2.B. Figure A.1
illustrates how it affects the loss landscape.

THE CASE OF COMPLEX NUMBERS. We have not yet discussed the case
A € C, relevant for SSMs such as S4 [54]. We extend our analysis to
complex-valued A in Appendix A.2.3.2. Briefly, it reveals that changes in
the magnitude of A have a similar impact as in the real case, but this
similarity does not extend to the angle. To keep the sensitivity on the angle
constant, its parametrization must depend on the magnitude of A. However,
doing so hurts learning, particularly far from optimality, as we exemplify in
Appendix A.2.3.2. A key implication of this analysis is that the sensitivity
of the hidden state on the angle of A explodes as its magnitude approaches
1.
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3.4.2  Several RNN architectures implicitly alleviate the curse of memory

Deep state-space models, as well as gated RNNSs, feature some form of
normalization and reparametrization which helps keep signal propagation
under control. We discuss how below.

DEEP STATE-SPACE MODELS. Deep SSMs were originally motivated as
discretizations of the differential equation i = Ah + Bx [108]. Naive dis-
cretization of the differential equation yields h;;1 = (Id + dtA)h; 4+ dtBx;4q
which already provides some input normalization. More elaborate dis-
cretization schemes, such as the zero-order hold, effectively reparametrize
the A matrix, e.g. with exp(dtA). Here, diagonalization arises from com-
putational efficiency and simplicity reasons [67]. While such models can
approximate any smooth mappings [111, 113], their expressivity remains
limited [197]. The next generation of these models, including Mamba [70],
incorporates input-dependent gates which modulate dt depending on the
input x;. The theory we developed above does not strictly apply to this
setting as dt is no longer constant. However, since the recurrence Jaco-
bian remains diagonal, we expect the qualitative behaviors we analyzed to
remain.

GATED RNNS. While the original motivation behind gated RNNs such as
LSTMs [53] or GRUs [132] largely differs from the one of SSMs, they share
similar mechanisms. In these networks, the memories stored in hidden
neurons can be erased through a forget gate, and incoming inputs can
selectively be written in memory through an input gate. Mathematically, this
corresponds to hidden state updates of the form h; 1 = fi11 © b + i1 ©
xt4+1, with the forget f; 1 and input i;;1 gates being independent non-linear
functions of x;;1 and h;. The forget gate is akin to A and usually involves a
sigmoid non-linearity, which has a similar effect as reparametrizing A in the
backward pass. The input gate can act as an input normalization depending
on the initialization of the network or if it is coupled to the forget gate as
in the GRU (f; = 1 —i;) [184]. Importantly, the gates here depend on the
hidden states and thus make the Jacobian 9y, k1 non-diagonal. Yet, we
argue that these architectures still have a bias towards diagonality. Indeed,
the contributions of the hidden state through the forget and input gates
are indirect, and they can be ignored when the weights connecting the
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hidden states to the gates are small. Empirically, we find that GRUs lie in
this regime at initialization, cf. Section A.4.2, so that our theory accurately
captures signal propagation in GRUs. We additionally confirm that signal
propagation is well behaved in gated RNNs in Section 3.6. In regimes
in which this approximation does not hold, studying signal propagation
requires a much more sophisticated analysis than the one we have done
here [198].

3.5 A LINEAR TEACHER-STUDENT ANALYSIS

We start our empirical analysis with a teacher-student task using linear
recurrent networks [199]. This is arguably the simplest setting in which
one can train recurrent networks. Yet, as we shall see, it is already re-
markably complex and captures some of the differences between different
architectures observed in more realistic settings [69]. It additionally makes
it possible to control the characteristic time constants of the data, which is
only possible with synthetic data.

Our investigation starts with the one-dimensional setting to provide an
intuitive illustration of the consequences of the curse of memory on the
loss landscape. We then address the general setting and observe that linear
networks indeed suffer from the curse of memory, and that the remedies we
studied in the last section are effective. We additionally find that diagonality
greatly modifies the structure of the loss landscape and helps optimizers
with adaptive learning rates to compensate for eventual increased sensitivi-
ties.

3.5.1 The one-dimensional case

We first consider a student and a teacher following the one-dimensional
dynamics hy11 = Ahy + x441, with complex-valued parameter A for the
student and A* for the teacher. For simplicity, we independently draw
each x;41 from a unit normal distribution (its autocorrelation function is
Rx(A) = dp—p) and note that other input distributions do not qualitatively
change the results. The performance of the student is measured by a loss
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FIGURE 3.3: LRUS ARE BETTER AT REPLICATING A TEACHER'S BEHAVIOR THAN LINEAR
RNNSs. A. As the teacher encodes longer dependencies (vg — 1), the linear RNN
struggles to reproduce it, but not the LRU. B. An ablation study (vg = 0.99) reveals
that this gap mainly comes from having a close to diagonal recurrent connectivity
matrix. See Section 3.5.2 for more detail.

L that averages the per time-step losses ¢ := %\ht — hf|? over the entire
sequence.

This simple model already captures two key difficulties of gradient-based
learning of recurrent neural networks. In Figure 3.1, we plot the resulting
loss landscape for different A* values, when A evolves on the positive part
of the real axis (Fig. 3.1.B) and when it evolves on the circle of radius [A*] in
the complex plane (Fig. 3.1.C). We restrict As to have absolute values smaller
than one: exploding gradients are out of the picture. Still, two difficulties
for gradient-based learning appear here. On one side, vanishing gradients
lead to flat loss regions that are hard to escape. On the other side, the loss
sharpens as the student encodes longer memories because of the curse
of memory. As a consequence, gradient-based optimization is extremely
tedious, already in this simple example.

3.5.2 Diagonal connectivity simplifies optimization

We now move to the general case in which the teacher evolves according to
hiy1 = Ahy 4+ Bxyq and yy = Chy + Dxy. (3.10)

with iy € R", x; € R drawn i.id. from A(0,1), A € R*", B € R**],
C € R and D € R'*!. Here both inputs and outputs are scalars.
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Given the intuition we have developed so far, we expect fully connected
linear recurrent neural networks to struggle solving the task when the
teacher encodes longer memories, not only because of exploding gradients
but also due to the curse of memory. Conversely, diagonality facilitates
the eigenvalue reparametrization needed to avoid exploding gradients and
make them better behaved. We run the following experiment to verify
this intuition. We draw random teachers with hidden dimension n = 10
and transform the complex eigenvalues of the recurrent matrix A to have
magnitudes close to a value vy that we control®. The larger vy is, the longer
the memories encoded by the teacher are. We train a linear RNN, as well
as an LRU [69], with hidden dimension 64 on this task. The students
are therefore largely overparametrized. We chose the LRU architecture to
represent deep SSMs due to its simplicity. This architecture uses input
normalization and an exponential reparametrization of the eigenvalues,
similar to what we analyze in Section 3.4. Both networks are trained using
the Adam optimizer [146] and cosine annealing schedule for 10k steps, on
batches of size 128. To ensure that we are in the infinite sequence length
regime, we take the sequences to be of length 300, that is three times longer
than the characteristic time scale of the teacher. Learning rates are tuned
separately for each method and training distribution. The results, which we
plot in Figure 3.3.A, confirm our intuition: LRUs significantly outperform
linear RNNs when long memories have to be learned, despite having 10
times fewer parameters.

Next, we wonder which design choices behind the LRU architecture are
crucial to this performance improvement. To this end, we interpolate be-
tween a linear RNN and an LRU in the following way: First, we restrict the
weight matrix of the linear RNN to a block diagonal with blocks of size 2.
Each block can represent a complex number, so the network can represent
32 complex numbers in total. We additionally double the number of hidden
neurons. Second, we change those 2 x 2 blocks (and their input and output
weights) to be complex numbers. Finally, we add the 7y input normalization
and the exponential parametrization to obtain the final LRU architecture.
We report the results of this experiment in Figure 3.3.B. Surprisingly, we find
the gap comes from making the weight matrix block diagonal (4 x 4 blocks
are here enough, cf. Figure A.6 in the Appendix). Interestingly, this change
reduces the number of parameters the model has and slightly reduces the
model expressivity. An explanation of this behavior is therefore likely to

We draw each entry of A from N(0,1//n), complex diagonalize it, and apply the transforma-
tion x — vy + (1 — vp)tanh(x) to the absolute values of the eigenvalues.
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be related to the optimization properties of those models. We confirm this
hypothesis in the next section.

3.5.3 On the importance of adaptive learning rates

So far, our results highlight the importance of having a close to diagonal
recurrent connectivity matrix. In this section, we show that this parametriza-
tion alone does not mitigate any exploding behavior but modifies the struc-
ture of the loss landscape, making it possible for optimizers with adaptive
learning rates to compensate for these behaviors.

To demonstrate this, we consider the Hessian of the loss:

d’L dhy 0%y diy T | 04y d%hy

@—; X @%@ Jraihtﬁ . (3.11)
If the network can perfectly fit the target data, which is the case in the
experiments above, the second term vanishes at optimality. We plot the
Hessian at optimality in Figure 3.4.A and B for a standard linear recurrent
network and one with complex diagonal parametrization, both with 4 hid-
den neurons (vyp = 0.99). We observe that the eigenvalue spectra are similar
for the two architectures, both exhibiting large terms that are characteristic
of the curse of memory, which makes learning with stochastic gradient
descent almost impossible*. However, their structures differ. For the fully
connected linear RNN, the top eigenvectors are distributed over many
coordinates, whereas they are concentrated on a few coordinates for the
complex diagonal one. This feature aids adaptive optimization [e.g., 203]:
adapting to large curvature is much easier for Adam when the pathological
directions are aligned to the canonical basis. This is what we observe in
practice.

In Figure 3.4.C and D, we compare the effective learning rate used by Adam,
which we compute by providing a vector of ones to the optimizer. For the
dense linear RNN, the adaptive learning rates cannot compensate for the
intricate coupling between components, resulting in small learning rates

The gradient Lipschitz constant L of the loss equals the maximum Hessian eigenvalue [200].
This quantity sets a bound 2/L for the maximum globally stable learning rate. While conver-
gence might happen in a subspace, it is generally aligned with the top Hessian eigenspace
near the solution [201, 202].

51



VANISHING AND EXPLODING GRADIENTS ARE NOT THE END OF THE STORY

A A B C D B A Am Bre Bm Cre Cm D
10° v B " e
A 10° AT ‘.I .I.I .I | 102
5 10° g "n U 10°
S — ° = %5 % °
[
T B B —10° —10°
- Sh I.. .. | ~102

-_— _103
c RN S cn g e N _10¢
D -10° D
gg o B 1 - 1
a -
8o . l 0 u - i 0
[0] - —1 - —1
S 107 107
g
c 10° 10°
D 1074, : : 1074, . :
0 10 20 0 10 20
Index eigenvalue Index eigenvalue
C D
el e e F3 YT
o G ;i‘ 3 % 1073444 T
6 3
g 10 : ps 2 -l
g w0 g0 ¢
i 10-10 & co
1054 ¢
A B C D /‘re /‘Im Bre B\m Cre Cim D

FIGURE 3.4: DIFFERENCES IN LEARNING ABILITIES BETWEEN FULLY CONNECTED AND
COMPLEX DIAGONAL LINEAR RNNS ARE DUE TO A BETTER STRUCTURE OF THE LOSS
LANDSCAPE. A, B. Hessian of the loss at optimality, its 10 eigenvectors with greatest
eigenvalues and its eigenspectra for a fully connected RNN (A) and a complex
diagonal one (B). The spectra are almost the same. However, the top eigenvectors are
concentrated on few coordinates for the complex diagonal one but not for the fully
connected one. C, D. This structure makes it possible for Adam to efficiently deal
with the extra sensitivity, as shown with the effective learning rates that it uses at
the end of learning. For the fully connected one (C), Adam uses small learning rates
to compensate for the sensitivity, whereas it can use larger ones for the complex
diagonal one without hindering training stability. The horizontal grey line shows
the learning rate used, which is here 10-3.
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overall. Conversely, the sensitive directions of complex diagonal RNNs
are concentrated on few parameters, which adaptive learning rates can
compensate for. This leads to more targeted and overall larger learning rates,
significantly speeding up learning. As a side note, the complex eigenvalues
of the teacher come in conjugate pairs. However, during training, the
complex values of the complex RNN are not conjugates of each other,
thereby increasing Hessian diagonality. Finally, performing this analysis for
the LRU, we find that the Hessian spectrum is similar to the diagonal setting
and that the exploding dimensions of the Hessian are almost exclusively
due to the angle parameter, consistently with our theoretical analysis; see
Figure A.4.A and C. The loss landscape for S4 model [54] can be qualitatively
similar to the complex diagonal RNN or to the LRU, depending on which
regime it is in; see Figure A.4.B and D.

Before concluding this section, we investigate whether certain eigenvalue
distributions can break the diagonal structure of the Hessian, thereby com-
plicating optimization and increasing the need for eigenvalue reparametriza-
tion. In Appendix A.3.2, we provide a theoretical quantification of the intu-
itive result that more concentrated eigenvalues lead to less diagonal Hessian.
Consequently, the performance gap between complex-valued diagonal net-
works and LRUs widens, although the former still greatly outperform their
fully-connected counterpart (see Figure A.5). An important corollary is that
increasing the number of hidden neurons breaks the diagonal structure
of the loss landscape, thus reducing the effectiveness of optimizers with
adaptive learning rates in mitigating the curse of memory. This observation
may explain why Orvieto ef al. [69] reported a more substantial performance
improvement from eigenvalue reparametrization than what we observe in
our study (cf. block diagonal vs. LRU in Figure 3.3.B).

36 SIGNAL PROPAGATION IN DEEP RECURRENT NETWORKS AT INI-
TIALIZATION

The ultimate goal of our theoretical quest is to gain insights into the training
of practical recurrent network architectures. Specifically, we aim to verify
whether the trends established theoretically and in controlled experiments
hold in practice, by studying signal propagation at initialization on a
realistic next-token prediction natural language processing task.



54

VANISHING AND EXPLODING GRADIENTS ARE NOT THE END OF THE STORY

>
@

10° cRNN 10° cRNN
& lay. 1 - —A .
. < 4 — res
£ 103 lay. 4 = 10
15 S LRU
£ LRU g 1o |
5] lav. 1 5 — angle A
E 0t V- [SH magn. A
g R —— rest
GRU o —————————  GRU
0 0.9 0.99 lay. 1 0 0.9 0.99 — GRU
vo — lay. 4 w — ff
C
. . no norm
310 —
*é 103 — rest
- layer
g 107 norm
2105 == A
N —= rest
0 0.9 0.99

FIGURE 3.5: SIGNAL PROPAGATION IN DEEP RECURRENT NETWORKS AT INITIALIZATION
IS CONSISTENT WITH OUR THEORY. A. [E[1?] after the first and the fourth layer, as a
function of the exponential decay parameter v, for complex-valued diagonal RNN
(cRNN), LRU, and GRU recurrent layers. The input normalization present in the
LRU and in the GRU effectively keeps neural activity constant across vy values.
B. Comparison of the evolution of the loss gradient E[(dg£)?] for the different
recurrent layers and specific groups of parameters. For the complex diagonal RNN,
the gradients of all parameters explode and in particular the ones of the recurrent
parameters, whereas only the ones of the angle of A explode for the LRU, consistently
with the theory. Error signal propagation in GRUs is under control: the magnitude
of the gradients is independent of vy. The GRU-specific parameters exhibit smaller
gradients than the feedforward (ff) ones. C. Layer normalization keeps the overall
gradient magnitude under control in cRNNSs. Batch normalization yields similar
results.
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To that matter, we provide sentences as input to deep recurrent networks
that contain four blocks and use a next-token prediction loss to measure
their performance. Each block consists of a recurrent layer followed by a
feedforward gated linear unit [204]. By default, there are no normalization
layers in this architecture. More details can be found in Appendix A.4.1. We
empirically study how E[r?] and E[(dgL)?] evolve when the characteristic
time scale of the recurrent layers, controlled through vy, increases. We
compare three different recurrent layers: a complex-valued diagonal RNN
(cRNN), a LRU, and a GRU initialized with the Chrono initialization [184].

The results are consistent with our theory. Complex-valued RNNs suffer
from the curse of memory and recurrent parameters grow faster to infinity
than the rest as v goes to 1. Perhaps more surprisingly, a finer grain analysis
reveals that the gradient magnitude is independent of the layer; see Fig-
ure A.8. LRUs almost perfectly mitigate exploding behaviors in the forward
pass (Figure 3.5.A) as well as in the backward pass (Figure 3.5.B), except
for the angle parameter, consistent with our previous analysis. We also
wonder whether layer normalization can replace the input normalization
and reparametrization of the LRU. We find that it mitigates the memory-
induced gradient explosion at the macroscopic level (Figure 3.5.C), but it
likely kills any learning signal for the smallest eigenvalues [69]. Finally,
the GRU manages to keep the gradient magnitude constant over different
characteristic time constants, consistent with the intuition we developed in
Section 3.4.2. Preliminary experiments revealed that same trends also hold
for LSTMs.

The results presented above for the GRU align qualitatively with the in-
tuition developed throughout the paper. We now consider how well our
theory can quantitatively explain this behavior. The primary difference
between our simple model and GRUs is that the A values, referred to as
forget gates in the GRU terminology, depend on both inputs and hidden
states, and are therefore not constant. Interestingly, we find that GRUs
almost behave like the diagonal linear RNNs we have focused on in this
paper, particularly for slowly decaying recurrent neurons with high v
values (see Appendix A.4.2). Consequently, applying our theory as if this
context-dependency does not exist only introduces minor approximation
errors, which we confirm empirically in Appendix A.4.3. Given the similar-
ity of the Chrono initialization to those used in modern architectures like
Mamba [70] and Hawk [71], we expect our theory to also serve as a good
proxy for studying signal propagation in these models at initialization.
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3.7 DISCUSSION

Vanishing and exploding gradients complicate the learning of recurrent
networks, but solving these problems is not enough. We uncovered yet
another difficulty of training such networks, which is rooted in their iterative
nature and arises at the edge of dynamical stability. Reparametrizations
and adaptive learning rates can effectively mitigate this behavior in practice,
and diagonalizing the recurrence simplifies both. Our analysis additionally
reveals the complexity of learning the angle of complex eigenvalues, which
may explain why complex numbers were not found to be useful in most
recent state-space model architectures [0, 71].

A side finding of our study is the symbiosis between independent modules,
which are here neurons and can be more generally small heads, with adap-
tive learning rate optimizers in linear recurrent networks. Such a design
pattern has promising properties: it facilitates online learning [164] and com-
positional generalization [205], allows for a high level of parallelization [71],
and matches, at a high level, the modular organization of the cortex in
cortical columns [57]. Understanding how to increase the expressivity of
small linear modules while keeping their great optimization properties
constitutes a promising avenue for future research.
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The contents of this chapter were published as a conference paper at
the annual conference on neural information processing systems in
2023 [164] and authored by Nicolas Zucchet*, Robert Meier*, Simon
Schug*, Asier Mujika, and Jodo Sacramento.

* Shared first authorship.

4.1 INTRODUCTION

How can the connections between neurons in a neural network be ad-
justed to improve behavior? This question, known as the credit assignment
problem, is central in both neuroscience [16] and machine learning [36],
owing to its fundamental importance for elucidating learning mechanisms
in the brain and constructing intelligent artificial systems. However, the
complex and nonlinear nature of neural network processing makes the
precise allocation of credit an intricate task.

Deep learning provides a compelling solution to the credit assignment
problem via gradient descent, which refines network parameters along
the locally most promising direction. For networks processing temporal
sequences, gradient computation is made possible by backpropagation-
through-time [BPTT; 36, 48, 206]. BPTT stores and revisits neural activity
in reverse-time order to understand how infinitesimal changes to neural
activity, and thus to network parameters, would have impacted the objective
function. One important drawback of this algorithm is its requirement to
store the entire activity trajectory in memory, which constrains the sequence
length for exact gradient computation, impairing the learning of long-term
interactions. This constraint becomes a critical bottleneck when working
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within memory-limited systems, such as neuromorphic hardware [207] and
presumably the brain [208].

Alternatives to BPTT for gradient computation do exist. One such approach,
forward-mode differentiation [55, 209], involves computing gradients online
as the input sequence is processed, by keeping track of the sensitivity of
neural activity with respect to each of the network parameters. This marks
a qualitative departure from BPTT, as it prepares for all potential future
trajectories simultaneously; by contrast, BPTT focuses on improving the
activity of a past trajectory. Importantly, the memory footprint of this
approach does not depend on sequence length. Still, it remains intractable
for real-world applications and likely infeasible in the brain due to its cubic
memory scaling and quartic computational complexity in the number of
neurons. Recent research focused on approximation strategies to make
online gradient estimation more tractable for general-purpose recurrent
networks [157-161, 163, 166, 167, 210, 211]. Our work takes a fundamentally
different approach: instead of tailoring the learning algorithm to the neural
network architecture, we fix the learning algorithm and seek an architecture
that makes it tractable.

We build upon recent advances in linear state space models, a class of
recurrent neural networks (RNNs) employing linear recurrent blocks [54,
67-69, 212]. These blocks are stacked and interconnected through nonlinear
networks. The key insights from this line of research are that linear recurrent
connections simplify temporal credit assignment and enable parallel tem-
poral processing, while nonlinearities between recurrent blocks ensure that
network expressiveness remains comparable to that of densely-connected
nonlinear RNNs. Much, if not all, of the state-of-the-art performance of
those models on long-range temporal tasks [213] can be maintained by tran-
sitioning from real-valued to complex-valued neural activities [67-69], and
restricting the recurrent connectivity matrix to be diagonal. Recurrent neu-
rons within a given layer are now independent of each other. This greatly
improves the tractability of online gradient estimation, as the recurrent
parameters of a given neuron do not impact other neurons. We leverage
this property to achieve exact online gradient computation within a single
layer with as little as twice the memory and compute requirements needed
for inference. Further, we demonstrate how this leads to improved gradient
estimation compared to existing online learning algorithms when recurrent
layers are stacked.
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4.2 BACKGROUND

This paper is organized as follows. We start by briefly reviewing existing
gradient-based online learning methods in Section 4.2.1. Next, we introduce
the concept of independent recurrent modules, showing how some of the
recent high-performance models mentioned above fit in this framework in
Section 4.2.2. Deriving our learning rule requires complex differentiation;
we give a concise overview of those tools in Section 4.2.3. In Section 4.3,
we detail our online learning algorithm that combines exact differentiation
within a layer of recurrent independent modules with spatial backprop-
agation across layers. Finally, in Section 4.4, we analyze our algorithm
and relevant baselines on a synthetic copy task and show that it can learn
sequential tasks with sequence lengths up to over 4000 steps.

4.2 BACKGROUND
4.2.1  Online gradient-based RNN learning

We study gradient-based learning of recurrent neural networks, which
process input data x1, ..., xT sequentially while maintaining an internal
(hidden) state /;. The objective of learning is to minimize a cumulative
loss £(0) = Y._; £;(f) which measures performance on a task at hand as a
function of network parameters 6. The standard algorithm for computing
the gradient V.L(0) is the offline backpropagation-through-time method,
which requires storing the entire input x1.7, loss ¢1.r and internal activity
hy.r sequences, and then revisiting them proceeding backwards in time.
Here, we focus on online algorithms which carry the information needed
to compute or estimate V/;(6) forward in time. This enables simultaneous
processing of inputs and learning for RNNs, without storing past data and
network states. In principle, online algorithms can learn arbitrarily long
temporal dependencies as well as seamlessly handle sequences of arbitrary
length T.

The classical alternative to BPTT for forward-in-time gradient computation
is known as real-time recurrent learning [RTRL; 55] in the context of RNNs?,
a method which has its roots in control theory [215]. While RTRL enables

More generally, BPTT can be seen as a special case of reverse-mode automatic differentiation,
and RTRL of forward-mode automatic differentiation [214], applied to the problem of RNN
learning.
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online gradient-based learning, it requires storing dgh; in memory and
updating it as the RNN processes its inputs. The size of this auxiliary
variable is O(n%), where n = || is the number of hidden units in the RNN.
For comparison, the memory requirements of BPTT are O(nT). In practice,
this precludes the usage of RTRL for all but the smallest of models.

There has been much effort in developing memory-efficient alternatives to
RTRL. We now briefly discuss these prior efforts while referring to a recent
review by Marschall, Cho & Savin [211] for a more detailed treatment. We
divide prior work into three broad categories. One class of algorithms relies
on neglecting terms in dgh; to reduce its size, thereby creating a biased
gradient estimator. Typically, this requires introducing crude approxima-
tions, which allow going from O(n?) to a tractable O(n?) size. Despite
such approximations, in many cases, performance still holds in non-trivial
tasks [157, 158, 163]. At the end of this spectrum sits instantaneous (spatial)
backpropagation, which neglects all temporal dependencies in the hidden
state when approximating the gradient. A second class of algorithms relies
on stochastic estimation; this allows retaining unbiased gradient estimates
at the expense of introducing variance [159-161, 166, 167]. Finally, a third
class of methods introduces gradient models [critics; 216—218] to produce
gradient estimates online. The critics themselves are then either trained
separately offline, making such methods hybrid on/offline; or fully on-
line, using temporal difference techniques [219]. We note that despite their
widespread use in reinforcement learning, it is not yet well understood
whether temporal difference methods can reliably and efficiently improve
the performance of a gradient critic on real-world RNN learning problems.

As noted by Irie, Gopalakrishnan & Schmidhuber [165], the RTRL literature
mostly focuses on single-layer recurrent networks and remains scarce for
deeper networks. Recently, Javed et al. [220] developed a greedy learning
algorithm where a growing network is progressively frozen and trained one
layer at a time. Existing approximations such as e-prop [157] and SnAp-1
[158] do not prescribe how to learn the parameters of remote layers, and
the multi-layer case is not considered in the respective papers. Introducing
a powerful RTRL algorithm that scales to networks of multiple layers is
the main algorithmic contribution of this paper. This property is of great
empirical relevance given the power of depth to learn the temporal structure
[e.g. 69, 212].
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4.2.2  Linear recurrent units and independent recurrent modules

Instead of developing approximate, general-purpose forward-mode dif-
ferentiation methods, our goal shifts towards seeking an expressive archi-
tecture allowing exact, tractable online gradient calculation. We propose
that networks with linear recurrent units [LRU; 69] and, more generally,
networks with independent recurrent modules, are particularly well-suited
for this purpose.

Example of IRM: the linear recurrent unit (LRU)
D
H

Ty, D ER
he,\,B,C € C

H

ht+1 =X © h{, + th+1
y¢ = Re[Chy] + Dz,

skip connection

linear
encoder
layer norm

x number of layers

FIGURE 4.1: OVERVIEW OF THE CLASS OF NEURAL NETWORKS WE CONSIDER. We stack
layers of independent recurrent modules (IRMs), augmented with layer norm
[87] and gated linear units [GLU; 204]. Light red indicates instantaneous spatial
processing, dark red temporal processing. When we examine networks with fully
connected recurrent layers, only the dark red block is modified. The linear recurrent
unit is the instantiation of a layer of IRMs we use in our experiments.

A linear recurrent unit, depicted in Figure 4.1, is defined as
hit1 =A©h+ Bxiq,  yr = Re[Chy] + Dxy, (4.1)

with ® the element-wise product. Here, x; € R represents the input
received by the LRU at time t, h; € CN denotes its internal state, and
y: € RH its output. The parameters of the unit include A € CN, B €
CN*H C e CH*N and D € RH*H_ The version of the LRU we use in our
experiments includes an element-wise normalization factor for the input
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Bx and uses an exponential parametrization of A for network stability. We
omit these details in the main text for conciseness; see Appendix B.1.1 for
more details.

LRUs differ from traditional recurrent layers in deep learning: they have
linear neural dynamics, a complex-valued state h;, and a diagonal con-
nectivity pattern. Orvieto ef al. [69] found that the absence of temporal
linearity in networks that stack those units through nonlinear connections
(see Fig. 4.1) does not alter expressivity and eases gradient-based learning,
a notoriously difficult process for nonlinear RNNs [50, 52]. In addition, the
diagonal structure of the recurrence matrix provides several benefits over
fully connected ones. First, it affords an easy way to control the eigenvalues
of the Jacobian of the system and thus ensure that neural dynamics remain
stable. Due to the linearity, it also enables processing the input sequence
in parallel [109], significantly accelerating the training of such models on
modern computers [68]. Importantly, despite its diagonal parametrization,
the LRU remains functionally equivalent to a linear recurrent layer with
a dense recurrence matrix A, as A can be approximated as accurately as
needed by a complex-diagonalizable matrix.

Each complex neuron in an LRU is an independent recurrent module, meaning
its current state does not impact the dynamics of other modules. This prop-
erty greatly simplifies online credit assignment (see Section 4.3). We focus
on this specific architecture due to its simplicity and great empirical perfor-
mance, but our theoretical insights also apply to networks of independent
recurrent modules with low-dimensional state vectors per module.

4.2.3 A primer on complex differentiation

The use of complex-valued networks, such as the LRU, and hence complex
differentiation remains relatively scarce. In the following, we provide a
concise review of the tools of complex differentiation integral to the deriva-
tion of our online learning rule. We use f and g to denote complex-valued
functions that take the complex variable z as input.

The Wirtinger derivatives of f are defined through

df_l( ;4 ) df-—l( Y i Y ) (4.2)

dz "~ 2 \dRez] 'dim[z]/’ dz =~ 2 \dRe[z] + dIm|z]
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Using them for complex differentiation allows using similar calculus rules
as for real functions. Note that we use the row convention for derivatives,
that is d, f is a row vector of size |z|. The following formula holds in general
d.f = d:f.

The complex derivative of a complex function is similar to a 2 x 2 real-
valued matrix as both d,f € C and d;f € C are necessary to characterize it.
Yet, there exists a subclass of functions, called holomorphic functions, for
which it can be reduced to a 2 dimensional real-valued vector, leading to
a more compact representation of derivatives. A continuous function f is
holomorphic if it satisfies the Cauchy-Riemann equations

dRe[f] _ dIm[f] an dRe[f] _  dIm[f] e daf _
dRe[z]  dIm|z] dIm|z] dRe[z]” 7 dz

0.  (43)

Any affine function, as well as the composition of two holomorphic func-
tions, is itself holomorphic.

The chain rule of complex differentiation, crucial for automatic differentia-
tion, is

d{fog) _dfdg , dfdg

dz dgdz dgdz’

When either f or g is holomorphic, the second term vanishes as dgf = 0

(4-4)

or d,§ = dz¢ = 0. When f is a real-valued function, it can be optimized
through gradient descent by iteratively updating its input variable z through
Az & —dpepyf 1 — idpmp)f T = —2dzf

4.3 ONLINE LEARNING OF NETWORKS OF INDEPENDENT RECURRENT
MODULES

Based on the foundations laid down in the preceding section, we now
derive our online gradient-based learning algorithm for multi-layer net-
works of independent recurrent modules. We first focus on a single layer,
demonstrating that exact forward-mode differentiation is tractable. This
insight then guides the derivation of our rule for multi-layer networks.
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FIGURE 4.2: OVERVIEW OF OUR LEARNING RULE. As an input sequence is processed,
hidden states /i; and their sensitivities s; to the parameters are updated. Learning
ensues by combining the sensitivities s; with spatially backpropagated error signals.
No information flows in reverse time; our rule is fully online.

4.3.1  Single-layer networks

We focus on parameters 6 that influence the hidden states; computing the
gradient of any other parameter does not require temporal credit assign-
ment. For the LRU, we have 6 = {A, B}. Recall that £(8) = =L, ¢:(y:(0))
denotes the loss function that measures how good the outputs y;.7 of a
network parametrized by 6 are. Its derivative dg£(6) can be calculated
using forward-mode (complex) differentiation:

oL dhy , OL diy 3ty dhy
d6 Zaht a0 " qn, a6 Zaht a0 45)

As mentioned in Section 4.2.3, the last equality holds as h;; is a holomor-
phic function of i; and of 6, hence I is a holomorphic function of 6 by
recursive composition, and £ only directly depends on /; through ¢;. The
term &; := d;, L that is here equal to dj, ¢, can easily be computed by
spatial backpropagation, as the output y; at time ¢ only depends on the
current hidden state /1;. We are left with computing the sensitivities dgph; of
the states to the parameters.
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Independent recurrent modules do not influence each other. The parameters
8; that directly influence the state &, ; of module i never impact the state ht/,j
of another module. As a consequence, the number of non-zero entries of
the sensitivity dgh; grows linearly with the size of § whenever the number
of recurrent neurons within each module is fixed. Applying this to the
LRU, dgh; is entirely characterized by s} := (d Ahei)i and sP = (dBﬁht/]-) jis
Differentiating Equation 4.1 using the product rule gives the corresponding
updates:

sty =AOs) +hy, sP = diag(A)sP +1x] 4, (4.6)

with 1 a vector of size |h| filled with ones. More detail on the derivation
of Equation 4.6 and on how to efficiently simulate this update is given in
Appendix B.1.2. Keeping track of those quantities only requires considering
an additional hidden state of size |6|.> Finally, the A and B updates can be
obtained by following the gradient, as calculated in Equation 4.5:

T T
M) 56 s}, AB« ) diag(6;)s?. (4-7)
t=1 t=1

Interestingly, all the e-updates are local to the neuron or synapse in ques-
tion, and no approximations were required to accomplish this. This feature
makes the algorithm particularly promising for neuroscience and neuro-
morphic engineering, where localized computation is highly desirable. The
parameter update for A and B is also fully local, as it combines a parameter-
specific sensitivity, sometimes considered as an eligibility trace [157], and a
postsynaptic error term.

The idea that element-wise recurrence simplifies RTRL precedes our work.
It can be found in early work by Mozer [162] and Gori, Bengio & De Mori
[221], and has been revisited recently [165, 220]. In this paper, we extend
this insight to complex numbers and thus do not lose expressivity, unlike
previous work. We also note that some approximations to RTRL such as
e-prop [157] or SnAp-1 [158] end up being exact when applied to networks
with independent recurrent modules.

2 If h; is not a holomorphic function of 6, one would need to keep 2|0| instead of |0] states.
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4.3.2  Multi-layer networks

The derivation in the last section presumes that the loss £ only directly
depends on h; through /;. This assumption no longer holds when layers
are stacked, which is crucial to the expressiveness of the model. In the
following, we explain how we can extend our rule to the multilayer case.
Let us consider layer / of the network where we aim to compute the gradient
of the loss £ with respect to its parameters 6'. The sensitivity dyh} can
be computed as before, assuming independent recurrent modules, as 6’
does not influence the behavior of the inputs it receives from previous
layers. Hence, we are left with computing 6} = dh{ET' The simplification

ol = dh{fﬁt—r we made in the previous section still holds for the last layer but
is violated for the other layers. This is because £, taken as a function of
the hidden states /' of layer /, now has an internal memory through the
subsequent recurrent layers. The hidden state 1! at time t will thus directly
affect all future losses ¢ for t' > t. As a consequence, one has to resort
to backpropagation-through-time to compute dh,’s LT exactly, which breaks
causality and rules out the possibility of learning online. To circumvent this
issue, we approximate the error signal each layer receives by 6! dhgej SO
that it can be computed instantaneously with spatial backpropagation. We
emphasize that the only source of approximation of this algorithm is the
one above. Given that there is no approximation for the last layer, we will
always compute the exact gradient for that layer.

We summarize our learning rule in Figure 4.2. It prescribes augmenting

the hidden state of each recurrent layer I with the sensitivity s'. For each

input/output sample (xt,y:arga), we first update the full entire hidden

state (hy,s;) using the previous one (h;_1,s;—1) and current input x;. We
then spatially backpropagate the error signal obtained at the last layer
by comparing the prediction of the network to its desired value y:arget.
Finally, we combine s} and ¢! available at each layer using Equation 4.7 to
compute the current update. So far, we have only described how to update
parameters that directly influence the hidden neurons of the recurrent layer.
We update the rest of the parameters with the gradient estimate obtained
with spatial backpropagation. Importantly, the size of the extended hidden
state is upper bounded by the number of neurons plus the number of
parameters and is in practice much smaller.
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Next, we aim to understand the factors that may degrade the quality of
the gradient estimate as a result of the approximation ¢! ~ dy, ¢, which
introduces bias in the gradient estimate. In the LRU, neural activities, and
thus error signals, are processed temporally through dynamics similar to
the one of Equation 4.1. When the norm of each A; approaches one, neural
activity preserves past information, and correspondingly, error signals
backpropagated over time contain more information about the future. This
suggests that our approximation becomes less accurate as the distribution of
|)\i| narrows around 1, since it discards future error information. Moreover,
6 worsens as it is backpropagated through more layers. At each layer,
backpropagation mixes errors from the next layer and the future state
of the layer. Since we neglect future information, only part of the error
signal is backpropagated, resulting in a less accurate approximation. We
delve deeper into these two approximation sources in a memory task in
Section 4.4.1.

4.4 EXPERIMENTS

In the following, we analyze the properties of our proposed online learning
method empirically and explore how independent recurrent modules aid
the learning of long-range dependencies. To this end, we first conduct an
extensive analysis on the copy task [53], a well-established test bed to study
temporal credit assignment in recurrent neural networks. Comparisons
to truncated online versions of BPTT and to an extension of SnAp-1 to
deep recurrent networks reveal that independent recurrent modules are
generally beneficial for learning long-range dependencies, as they excel in
both the online and the offline setting. Finally, we evaluate our method on
three tasks of the Long Range Arena [213]: a sequential version of CIFAR
[97], L1sTOPs [222] and IMDB [223], scaling online learning to sequence
lengths of over 4000 time steps and to deep recurrent neural networks. For
additional experimental details and hyperparameter configurations, we
refer to Appendix B.2.
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FIGURE 4.3: IMPACT OF DEPTH OF THE NETWORK (LEFT), EIGENVALUES OF THE NETWORK
(MIDDLE), AND TYPE OF APPROXIMATION ON THE QUALITY OF ONLINE LEARNING (RIGHT).
The cosine similarity measures the alignment between the estimated gradient (with
our learning rule for all panels, and with spatial backpropagation (Spat.) and 1-
step truncated backpropagation (Trunc.) for panels E and F) and the true gradient,
computed with backpropagation-through-time (BP). It is computed per layer and
then averaged across layers to make a quantitative comparison possible. The encoder
and decoder alignments do not influence this metric. This task is solved (100%
accuracy) for losses lower than 0.05 and 70% accuracy roughly corresponds to a loss
of 0.5. See Section 4.4.1 for more details.

4.4.1  Understanding the approximations behind online learning in networks of
LRUs

In this first series of experiments, we investigate the approximation intro-
duced by our online algorithm in detail. We recall that our learning rule
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only approximates the full gradient when the network has two recurrent
layers or more, as it ignores the temporal component of backpropagated
error signals. Therefore, we expect that the learning signal becomes less
accurate as we increase network depth and shift the eigenvalue distribu-
tion towards a norm of 1. To explore the effects of our approximation in
a controlled setting, we consider a copy task [53, 158, 160, 166] in which
the network observes a length-20 sequence of 7-bit patterns that it must
recall when presented with an output token. Intuitively, temporal credit
assignment is critical in this task to, among other things, convert forgetting
neurons (|A| < 1) into perfect memory units (J]A| ~ 1) that can solve the
task. To ensure that these perfect memory units are scarce at the beginning
of training, necessitating learning to create some, we initialize A uniformly
at random in the complex unit disk and set the number of recurrent units
per layer to N = 64. The default architecture used in this section has four
layers.

As remarked in Section 4.3.2, the updates prescribed by our learning rule
match the gradient exactly for all parameters in the last LRU layer. We
confirm that empirically for a network of one layer in Figure 4.3.A. While
the approximation quality deteriorates with increasing depth (Fig. 4.3.A),
alignment remains high, noticeably better than for all baseline online learn-
ing rules (Fig. 4.3.E). Moreover, despite alignment decreasing with depth,
performance enhances significantly (Fig. 4.3.B). BPTT exhibits similar im-
provements with depth, suggesting that this is likely due to the enhanced
capabilities of the model. Our rule can learn useful hierarchical temporal
representations online whereas baseline methods, 1-step truncated and
spatial backpropagation, which ignore most of temporal dependencies, fail
(c.f. Fig. 4.3.F). Additionally, we found that, despite its bias, our learning
rule can decrease the loss to o when training a 4 layers network on a simpler
memory task for long enough.

Exact error terms are backpropagated through recurrent units by weighting
the current prediction error by 1 and the future error by A. In order to
maintain an online algorithm, we ignore this dependency on the future.
We expect alignment with the gradient to decrease as the distribution of
|A| shifts towards 1. To test that, we initialize the A uniformly at random
in the complex ring of radius [|A|min, 1]. Interestingly, alterations in the
initial eigenvalue distribution only slightly affect estimation quality in the
beginning of training (Fig. 4.3.C). The key factor seems to be the degra-
dation associated with learning progress, rather than degradation due to
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Layer LRU Linear RNN GRU GRU
Number layers 4 4 1 4
SPATIAL 466 x1071  620x 1071 626 x1071 6.55x 1071
TRUNCATED 262x1071 581 x10°! 620x10°! 6.49 x 10!
Ours / SNAP-1 844 x 1073 582x107! 316x10"! 327 x 107!
BPTT 759 %x107% 1.07x10"%* 261x101 1.94x101

TABLE 4.1: COMPARISON OF FINAL TRAINING LOSSES OF DIFFERENT ONLINE LEARNING
ALGORITHMS ON THE COPY TASK OF SECTION 4.4.2. The independent recurrent modules
design improves online learning performance. Performance greatly degrades when
the LRU is replaced with a dense recurrent matrix (Linear RNN). Comparison
with the SnAp-1 algorithm applied to the GRU architecture highlights that online
learning of multilayer networks is difficult without element-wise recurrence. Results
are averaged over 5 seeds.

larger eigenvalues. Smaller initial |A|min values slow down training, as
more perfect memory neurons have to be recruited, but all initializations
eventually lead to solving the task (Fig. 4.3.D).

4.4.2 Independent recurrent modules improve online learning performance

After dissecting the learning dynamics of our algorithm, we next show the
importance of the independence of recurrent modules for online gradient-
based learning. To this end, we compare linear recurrent units to densely-
connected linear recurrent layers which do not have independent recurrent
modules. To make the comparison fair, we ensure all models have the same
number of parameters and recurrent neurons. In addition to the baselines
we considered in the previous section, we include an extended version
of the SnAp-1 algorithm that combines spatially backpropagated errors
with the SnAp-1 sensitivity approximation. This algorithm reduces to ours
when applied to networks of independent recurrent modules. Therefore,
it enables us to isolate the impact of the independent recurrent module
design on online gradient-based learning. We report final training losses in
Table 4.1 and refer the reader to Appendix B.2 for experimental details.
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Our findings confirm the benefits of independent recurrent modules for
online learning, in particular for multi-layer networks. To demonstrate
that, we first compare our algorithm on the LRU architecture with the
SnAp-1 algorithm applied to an equivalent linear recurrent network. The
diagonal approximation of the sensitivity tensor in SnAp-1 introduces an
additional bias when learning linear RNNs. We found that this additional
bias hurts performance: when moving from offline BPTT to online training,
the performance drop is significantly higher for linear RNNs. Interestingly,
sensitivity approximation does not bring any performance gain, in this
setting, compared to the cruder approximations that are 1-step truncated
BPTT and spatial backpropagation.

Additionally, we run experiments on another RNN architecture, the gated
recurrent unit [GRU; 132], to better understand the impact of depth in
online and offline RNN training, and to confirm the importance of element-
wise recurrence for online learning. In the single layer case, consistent
with Menick et al. [158], we find that the SnAp-1 approximation performs
competitively with offline BPTT. However, it suffers from depth in contrast
to BPTT that benefits from it. This result highlights the importance of depth
in this memory task, as well as the difficulty learning over depth poses for
existing online learning algorithms.

4.4.3 Scaling online learning to the long-range arena benchmark

While the approximations typically employed to enable online learning
prohibit scaling to tasks with extended temporal structure, the results
from our previous section have demonstrated the potential of independent
linear units for online learning of long-range dependencies. We therefore
move to tasks from the challenging long-range arena benchmark [213]
specifically designed to evaluate this ability. Transformers excel in almost
any benchmark today. However, they perform surprisingly subpar in this
setting [178] in which deep state-space models [54] and LRUs [69] achieve
impressive results.

We run experiments on three tasks, sequential CIFAR, IMDB and ListOps.
In sequential CIFAR, the network receives the 32 x 32 image as a pixel
sequence and has to perform a classification task. In line with Orvieto et al.
[69], we use the colored version of sCIFAR instead of the grayscale version
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Method sCIFAR IMDB ListOps sCIFAR

SeatiaL  5820+0.70 83.50+0.20 32.02+0.27 50.63 +0.23
TrRunc. 60.01+126 84.044+0.47 31.88+0.59 50.53 +0.43
Ours 7959 £1.01 8648 +0.41 37.6240.68 63.71 +0.33
BPTT 83404154 87.694+0.39 39.754+0.17 65.23 +-0.56

TABLE 4.2: (left) Test accuracy on three tasks of the LRA benchmark [213] for
spatial backpropagation, 1-step truncated backpropagation, our algorithm, and full
backpropagation through-time. While we always use per time step local losses
during training, we accumulate logits over the sequence during inference. We report
the mean and std. for three seeds each. (right) Test accuracy of a linear RNN on
the CIFAR task. Instead of our learning rule, we apply the SnAp-1 learning rule
extended to the multilayer case, as described in Section 4.4.2.

originally proposed. In the IMDB task, the network is given a text encode
in bytes of length at most 4000, and has to perform binary classification. In
L1sTOps, the input is a sequence of numbers, brackets and operators like
Max which the model needs to evaluate to determine a classification target
in the range from 1 to 10. We do not use the three other tasks of the LRA
benchmark: the performance gap between different models is usually small
in the RETRIEVAL task (c.f. [69]) and, in our preliminary experiments, we
could not reach above chance performance in the PATHFINDER tasks with
BPTT and the modifications we made to make the loss causal, as described
in the next paragraph.

In order to make the sequence models employed on this benchmark compat-
ible with the causality requirement in online learning, we remove the time
pooling operation during training and consider a local loss term at every
time step instead. During inference, we then evaluate our models using the
average of the last layer logits in time which respects causality. Moreover,
we replace batch normalization with layer normalization to avoid sending
batch statistics backwards in time and consider smaller models to lower the
computational burden for online learning. For further experimental details,
please refer to Appendix B.2.

We report results comparing online learning to spatial backpropagation,
truncated BPTT and the BPTT upper bound in Table 4.2 (left). Our online
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learning algorithm outperforms other online learning approximations, sig-
nificantly reducing the gap towards BPTT. As in the last section, replacing
the LRU with a linear RNN layer in the CIFAR experiment leads to worth
online learning performance, c.f. Table 4.2 (right), providing further evi-
dence for the effectiveness of independent recurrent modules for capturing
long-term dependencies.

4.5 DISCUSSION

We have demonstrated that long-range dependencies can be learned on-
line, allowing recurrent neural networks to reach strong performance on
a set of tasks from the long-range arena benchmark. Moreover, a detailed
analysis of a memory problem revealed that our method significantly out-
performs both spatial (online) backpropagation as well as prior approaches
based on approximate real-time recurrent learning, coming close to full
backpropagation-through-time. These findings may inform the design of
new neuromorphic hardware with on-chip learning capabilities, an applica-
tion where approximate real-time recurrent learning is garnering significant
attention [224—226].

While most prior related work focused on developing generic gradient ap-
proximation schemes, we asked which architecture would simplify online
gradient computations. In high-level terms, our philosophy draws from
seminal work on long short-term memory networks [LSTMs; 53] or neural
Turing machines [227], which established the importance of architecture de-
sign for the success of gradient descent. We build on this insight, moving to
the harder setting of online learning. This led us to consider networks built
of recurrent independent modules: decoupled units with low-dimensional
state vectors, for which exact real-time recurrent learning is cheap. Impor-
tantly, this design underlies recent models such as deep linear recurrent
units [69] and S4-related models [67, 68] which achieve strong performance
in a wide array of challenging problems, including language modeling at
scale [228] and the long-range arena benchmark [68].

We conclude by noting that modularity, the overarching principle behind
our approach, is at the very heart of the influential columnar hypothesis
in neuroscience [229]. This hypothesis states that the architecture of the
neocortex is modular, with the cortical column as an elementary (or canoni-
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cal, [230]) building block one level of abstraction above neurons. We thus
speculate that modularity could be a key neural network design principle
discovered by evolution, that considerably simplifies the temporal credit
assignment problem. This is in line with our finding that a modular architec-
ture enables learning complicated temporal dependencies through simple
local temporal credit assignment mechanisms, letting spatial backpropa-
gation take care of assigning credit over the network hierarchy. We stress
this point because numerous biological implementations and alternatives
for spatial backpropagation have been proposed [e.g., 3739, 42, 44, 45,
231-237], while essentially none exist yet for backpropagation-through-time
[238]. Our findings provide a starting point for understanding how the brain
deals with the fundamental problem of learning the temporal structure
behind its sensory inputs.
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HOW DO LANGUAGE MODELS LEARN FACTS?
DYNAMICS, CURRICULA AND HALLUCINATIONS

The contents of this chapter were published as a conference paper
at the conference on language modeling in 2025 [239] and were au-
thored by Nicolas Zucchet, Jorg Bornstein, Stephanie Chan, Andrew
Lampinen, Razvan Pascanu, and Soham De.

5.1 INTRODUCTION

Large language models offer a powerful and intuitive interface to access the
vast amounts of knowledge on which they were trained. The learning pro-
cess acts as a lossy compression algorithm turning training data into neural
network parameters, thereby implicitly determining what information is
preserved within the final model. The extent and nature of this information
loss depend on numerous factors, including architecture, training objec-
tive, and data distribution, dependencies that remain poorly understood.
Deciphering the mechanisms underlying knowledge compression is in-
creasingly important as these models are becoming our main gateway to
human knowledge. Our work addresses this challenge by systematically
investigating how language models acquire factual knowledge.

Inspired by a long history of work in neuroscience focusing on associative
recall to study [61] and model [62] intelligence, we focus on a synthetic
factual recall task to study in depth the learning dynamics of language
models. Our contributions are:

— We adapt the synthetic task of Allen-Zhu & Li [240], which generates
artificial biographies for testing factual recall, to make it suitable for
studying the formation of associative memories (Section 5.2).
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— We find that language models learn in multiple phases on this task. They
first learn overall distribution statistics, then their performance plateaus,
and, finally, they acquire individual-specific knowledge (Section 5.3.1).
Leveraging a novel attention patching technique, we demonstrate that
attention-based recall circuits develop during this plateau (Section 5.3.2).

— We analyze the impact of data distribution properties on these dynamics,
revealing that imbalanced distributions accelerate the transition through
the intermediate plateau phase (Section 5.4) but lead to overfitting. We
further demonstrate that data scheduling strategies can exploit this
accelerated transition while mitigating overfitting, providing a rare
example in which data curricula benefit (self-)supervised learning.

— We highlight the ineffectiveness of fine-tuning to incorporate new knowl-
edge in the model (Section 5.5). This stems from two related factors: First,
models hallucinate (overconfident predictions on unseen individuals) as
soon as they acquire individual-specific knowledge. Second, associative
memories stored in feed-forward layers are rapidly corrupted when
training on new individuals.

5.2 AN EXPERIMENTAL SETUP TO TRACK KNOWLEDGE OVER THE
COURSE OF LEARNING

This study investigates the learning dynamics underlying factual recall
and knowledge acquisition in language models. This presents two main
methodological challenges: First, we need to isolate the model’s knowledge
from other abilities. Second, we want to evaluate the models over the
course of learning, which requires computationally efficient measurement
techniques. Following Allen-Zhu & Li [240], we train language models on
synthetic biographies that feature key properties of datasets used to train
large language models. By carefully designing these synthetic biographies,
we can attribute the model’s ability to predict specific tokens solely to its
acquired knowledge and efficiently measure its knowledge through its
performance on these tokens. In this section, we first define knowledge and
contrast it with memory, then describe our synthetic dataset and introduce
the metrics we use to track knowledge during training, and finally, describe
training details.



5.2 AN EXPERIMENTAL SETUP TO TRACK KNOWLEDGE

5.2.1  Knowledge, and how it differs from memory

For our analysis, we define knowledge to be the information a model has
internally stored about its training data, abstracted from the specific form
in which it was encountered. It is important to distinguish it from mem-
orization. While knowledge involves accessing and applying information
flexibly across different contexts, memorization is tied to particular training
instances. In this view, knowledge can be understood as a form of mem-
orization in a latent semantic space. For instance, knowing that Paris is
France’s capital represents knowledge, while remembering the exact sen-
tence ‘Paris is the capital of France” would constitute memorization. From a
practical perspective, this distinction carries significant implications. Memo-
rization can be problematic due to potential data leakage [e.g., 241], while
knowledge is a more desirable property that enables models to ground
their outputs in factual reality, making their responses both accurate and
generalizable.

5.2.2  Synthetic biographies as a framework for studying knowledge

An important methodological challenge in our study is to isolate knowledge
from other model capabilities. To address this, we adapt the synthetic
biography dataset of Allen-Zhu & Li [240], which offers several appealing
properties. First, all facts in the dataset are atomic, meaning no fact can be
derived from others, thus allowing us to disambiguate knowledge recall
from other abilities like reasoning. Second, it is fully synthetic, which allows
for precise control of the data distributional properties, while employing
natural language with realistic statistics. For example, sufficient textual
variation is crucial for enabling genuine knowledge acquisition rather than
mere memorization [240], cf. Figure C.1 in the appendix. Third, and most
importantly, previous work has established that relatively small language
models trained on this dataset [240] store and use knowledge in a similar
way to large language models [242—245].

We summarize the data generation process in Figure 5.1. The dataset con-
tains a population of N randomly sampled individuals, each with a unique
name and six attributes: birthdate, birthplace, university, major, company,
and location. To generate a biography, we first sample an individual from
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1. Create N individuals with 2. Sample one template per attribute and fill in
unique names beforehand these templates with personal information
James Frida Zhu James Frida Zhu's life began on March 16, 2042.
James Frida Zhu is a native of Shanghai. 3. Create a biography
Birthdate 36052082 James Frida Zhu received their education in Erasmus by randomly
Birthplace: Shanghai University, Rotterdam. permuting the

generated sentences
and concatenating
James Frida Zhu currently works for Global Dynamics. them.

University: Erasmus James Frida Zhu holds a degree in Statistics.
university, Rotterdam

pmajopiSiatetcs James Frida Zhu'’s habitation is in Cairo.

Company: Global Dynamics
Location: Cairo Predicting attribute tokens is a factual recall task which measures the model’s knowledge.

FIGURE 5.1: DATA GENERATION PROCESS UNDERLYING THE SYNTHETIC BIOGRAPHY
DATASET WE TRAIN ON. We measure the knowledge stored within these models
through the loss they achieve when predicting the attribute tokens, highlighted in
blue. See Section 5.2 for more details.

the population. For each attribute, we then sample a template from a finite
pool, fill it with the individual’s information, and concatenate the resulting
sentences in random order to form a complete biography. It should be noted
that to make the dataset suitable for our study, our template generation and
manipulation differ from the original setup. We detail these modifications
in the next section and provide additional details in Appendix C.2.

5.2.3 Measuring knowledge at scale

Measuring knowledge in language models typically relies on factual question-
answering tasks [246]. However, this approach is computationally intractable
in our setup, as it requires repeatedly fine-tuning models to handle question-
answer prompt formats throughout the training process. Our framework
offers a simple solution to this challenge: by consistently placing informa-
tion about the individual and attribute type before the attribute value, we
transform each attribute value prediction into a factual recall task. This
lets us quantify knowledge via the model’s loss and accuracy on predict-
ing attribute value tokens. We denote them as attribute loss and attribute
accuracy. Formal definitions are provided in Appendix C.2. The attribute
accuracy metric is arguably more intuitive, as it serves as a proxy for the
accuracy with which the model, once fine-tuned, would correctly answer
recall questions. However, we focus most of our analysis on the attribute
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loss due to its greater interpretive power and as it generally exhibits more
consistent progression across various scales [247].

Two important considerations remain to be solved: how to distinguish
knowledge from memorization, and what is a meaningful baseline for the
attribute loss. To address the first point, we evaluate models on unseen
biographies of previously encountered individuals. We do so by randomly
splitting the template pool into training and evaluation templates for each
individual, with this split varying across individuals. This ensures that
models are evaluated on entirely new biography formulations, thereby
ruling out the possibility that strong performance stems from memorization.
For the second point, we introduce a theoretical baseline corresponding to
the best possible performance achievable by a model with no individual-
specific knowledge. Such a model would only know the overall distribution
of attribute values, and its loss would be equal to the entropy of the attribute
value distribution. We refer to this value as the no knowledge baseline. Any
model performing better than this baseline must necessarily have acquired
some knowledge about specific individuals in the training distribution.

5.2.4 Language models are trained following standard recipes

While we use synthetic data in our experiments, we keep the architecture
and the training protocol as close as possible to standard practices. By
default, we train an 8-layer decoder-only Transformer (44M non-embedding
parameters) with the same structure as in Hoffmann et al. [248] using the
AdamW optimizer [249] and a cosine learning rate schedule without warm-
up. We tune the learning rate in all our experiments. Additional details are
provided in Appendix C.2.

5.3 HOW LANGUAGE MODELS ACQUIRE KNOWLEDGE DURING LEARN-
ING

Our findings reveal that language models initially learn generic statistics
before acquiring individual-specific knowledge. When individuals appear
less frequently, such as when the population size grows, performance can
plateau for extended periods between these two phases. Mechanistically,
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FIGURE 5.2: KNOWLEDGE ACQUISITION OCCURS IN THREE PHASES. (left) In a very
short first phase, the model learns generic attribute value statistics. In the sec-
ond phase, performance plateaus at a level achievable by an ideal model lacking
individual-specific knowledge (this corresponds to the no knowledge baseline defined
in Section 5.2.3 and a near-zero knowledge accuracy). This plateau’s duration is
nearly proportional to the number of individuals (right). Finally, the model learns
associations between subjects and attributes: knowledge emerges as the model is
trained longer (middle). Results are averaged over 5 seeds (& std). See Section 5.3.1
for details.

we attribute this plateau to the development of attention-based circuits that
enable the recall of knowledge stored within the network’s parameters and
modulate the learning speed of the rest of the model.

5.3.1 The three phases underlying knowledge acquisition

The temporal evolution of the attribute loss (Figure 5.2) exhibits a consistent
three-phase pattern:

1. INITIAL LANGUAGE UNDERSTANDING. Early on during learning, the net-
work learns the overall attribute value distribution. At the end of this
phase, it performs like an optimal model without individual-specific
knowledge, matching the no knowledge baseline.

2. PERFORMANCE PLATEAUS AT THE EDGE OF KNOWLEDGE ACQUISITION. The
model’s performance then plateaus at the no knowledge baseline. This
could be both explained from an optimization argument — the network
parameters are at a saddle point of the loss landscape — or from a
statistical argument — the model needs to observe multiple biographies
from the same individual to discern that attribute values are specific
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to each individual. The plateau length grows almost linearly with the
number of individuals (Figure 5.2, right panel), supporting the statistical
hypothesis.

3. KNOWLEDGE EMERGENCE. The model finally enters a knowledge ac-
quisition phase, in which it progressively learns association between
individuals and their attributes. Its knowledge accuracy progressively
leaves the near-zero regime in this phase: knowledge emerges.

The pattern described above is robust across a range of hyperparameter con-
figurations. Specifically, qualitative results remain consistent when varying
learning rate, weight decay, batch size, number of individuals, model size,
and even the type of sequence mixing block (attention-based vs. recurrent),
cf. Figure C.3. This is consistent with the findings of [250], who observed
a similar pattern in a theoretically tractable version of the task learned
by a linear attention layer. These findings suggest that the data structure,
particularly the high individual-to-attribute ratio, plays a critical role in
driving this multi-phase learning behavior. [251] found a similar behavior
in a setup closely related to ours, and that, below some critical model size,
the model does not learn any individual-specific information at all despite
extensive training. We additionally discuss connections to existing work
studying Transformer learning dynamics through the lens of N-grams in
Appendix C.1.

5.3.2 The attention-based circuits supporting recall are created during the loss
plateau

Although knowledge retrieval performance remains constant during the
plateau phase, we observe the development of attention-based circuits
supporting individual-specific attribute recall. We argue that learning is
considerably stalled when these circuits are under development, as errors
are not properly backpropagated from attribute value tokens to name
tokens, explaining the existence of the plateau. The following evidence
supports this claim.

Previous work has analyzed how Transformer-based language models solve
factual recall tasks similar to the one we are interested in this study. It
can be summarized as follows (cf. Figure C.5 for a visual summary). The
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FIGURE 5.3: THE ATTENTION-BASED CIRCUITS SUPPORTING RECALL ARE CREATED DURING
THE LOSS PLATEAU. (left) We design an attention patching experiment, in which we
take a snapshot of a reference model at some time during its training, and use its
attention patterns as a replacement for the ones of a modified model throughout its
training. (middle) The more trained the reference model is, the better its attention
patterns are for the modified model, and these changes mainly happen during the
plateau. The very beginning of learning is an exception to this trend. This correlates
with the fact that, at this time during training, the name tokens (compared to the
rest of the text, which contains information about the attribute type) receive reduced
attention when the first attribute value token is predicted (cf. right panel). See
Section 5.3.2 for more details.

first attention layers aggregate name tokens together to form a representa-
tion of the individual’s name at the position of the last name token. This
representation serves as a query for subsequent layers, particularly the
multi-layer perceptrons, which effectively act as a key-value database [242,
243]. Individual-specific knowledge thus typically appears within the fi-
nal name token’s residual stream [240, 244, 245]. The final attention layer
then selects the relevant information conditioned on the attribute type and
makes it available for predicting attribute value tokens when needed [244,
245]. With this last circuit established, attribute value prediction errors
directly backpropagate to relevant tokens, here the name tokens. However,
without it, errors are spread across irrelevant tokens, hindering learning
efficiency. We therefore hypothesize that the plateau phase corresponds to
the formation of these attention-based recall circuits, with learning speed
directly linked to their development stage.

A consequence of that hypothesis is that a model with learned attention
patterns should learn faster than one with pre-learning patterns. To test
this, we design the following attention patching experiment (Figure 5.3, left).
We first train a reference model and save reference checkpoints from it at
various stages of training. We then restart training a model from scratch, but
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replace the model’s attention patterns® with those produced from one of the
reference checkpoints. This means that all the token-to-token interactions
are specified by the reference model and that the modified model only
learns token-wise feedforward transformations. We expect the quality of
the attention patterns, measured by how easy it is to learn the task with
them, provided by the reference model to progressively improve as they
are taken closer to the plateau end. This is what we observe empirically
(Figure 5.3, middle), and the plateau disappears when providing the model
with learned attention patterns (i.e. post-plateau patterns). Interestingly,
the attention patterns acquired early during learning (e.g., at steps 500
and 1k) are significantly worse than the pre-learning ones, likely due to
initial focus on predicting the attribute value distribution conditioned on
the attribute type only. This attention on attribute type tokens rather than
on name tokens slows down learning, as per our argument from the last

paragraph.

So far, our results show the formation of an attention-based circuit during
the plateau phase, though not necessarily the specific extraction circuit
we hypothesized. To investigate this further, we examine the evolution of
the network’s attention patterns during training for signatures of such a
circuit. Specifically, we analyze the attention paid to name tokens (relative to
general text tokens containing attribute type information) when predicting
the first attribute value token, the primary position testing factual recall.
We observe this attention increasing throughout the plateau, after being
significantly lower during the initial phase where predictions align with
the generic attribute value distribution (Figure 5.3, right panel). This offers
an intuitive explanation for the qualitative differences in attention patterns
observed in Figure 5.3 (middle). A similar analysis for the name tokens
grouping circuit, characterized by high attention to name tokens from the
last name token in the first layer, reveals its emergence within a few hundred
steps. This may be specific to our setup, in which such a circuit is useful
to better predict which template comes next. Details of this analysis are
provided in Appendix C.4.2. Together with our attention patching results,
this result suggests that the attention-based extraction circuit responsible
for recall develops during the plateau phase, consistent with the findings
of [252]. Note that our results do not rule out that other qualitative changes
may occur during this phase, and they do not provide any mechanistic
insights regarding how models acquire individual-specific knowledge.

1 We call attention patterns the softmax of the attention logits.
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FIGURE 5.4: DATA DISTRIBUTIONAL PROPERTIES CAN SPEED UP KNOWLEDGE ACQUISI-
TION. (left) The length of the plateau significantly decreases when some individuals
appear more frequently (up to some extent) than other, which is here achieved
by increasing a. (middle) As a result, it is beneficial to train the model on more
imbalanced distributions (higher « values), particularly as the number of training
steps decreases or as the total number of individuals increases. This panel reports
the a value that minimizes the final attribute loss for each number of steps and indi-
viduals. (right) Such a strategy, improves the final amount of knowledge contained
in the network (purple vs. grey line). Dynamically adapting the data distribution
yields even larger benefits (blue line). See Section 5.4 for more detail.

5.4 DATA DISTRIBUTIONAL PROPERTIES DRIVE KNOWLEDGE ACQUISI-
TION

While each individual appears with equal frequency in the preceding
analysis, real-world data can be significantly less balanced. This section
investigates the impact of such imbalances on the learning dynamics. We
find that plateau length scales with the frequency of the most prevalent
individuals (minimized in highly imbalanced distributions), whereas knowl-
edge acquisition speed primarily depends on the frequency of the least
prevalent ones (maximized in uniform distributions). This observation has
two implications we confirm empirically: First, the training distribution
that maximizes the final knowledge stored within the model becomes more
imbalanced as the amount of knowledge within the data increases, or
the network is trained for a shorter amount of time. Second, dynamically
adjusting the data distribution during training allows for simultaneous
minimization of plateau length and maximization of knowledge acquisition
speed.
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5.4.1 The trade-off underlying imbalances in the data distribution

Building on the analysis presented in the preceding section, we can al-
ready develop an intuition of how data distribution impacts the plateau
and knowledge acquisition phases. Assuming that the circuits that the
network creates during the plateau transfer to other individuals, reducing
the number of individuals should minimize time spent in this phase, as
shown in Figure 5.2 (right). Naturally, this assumption will break when an
excessively small number of individuals is over-represented, as the model
will likely overfit. As a consequence, imbalanced distributions with a small
group of over-represented individuals should generally shorten the plateau
duration. However, this does not hold for the knowledge acquisition phase.
Each individual contributes equally to the total amount of knowledge the
model has, so the attribute loss on the entire population will asymptot-
ically behave like the one on the group which is learned slowly, that is,
the least frequent one. For that reason, a uniform distribution should be
optimal for knowledge acquisition. As a consequence, there is a trade-off:
imbalanced distributions speed up the plateau and slow down knowledge
acquisition, whereas the reverse holds for more uniform distributions. The
distribution that optimizes the final amount of knowledge stored within the
network weights should therefore become increasingly more imbalanced as
the plateau takes a larger portion of training time, i.e., when the number of
training steps decreases or when the number of individuals increases.

To empirically test this intuition, we modify the individual occurrence
probability to follow an inverse power law with exponent a. This expo-
nent controls the balance of the distribution: # = 0 recovers the uniform
distribution whereas & = 1 corresponds to the highly imbalanced Zipf
law. Figure 5.4 (left) reports how the number of training steps needed to
escape the plateau evolves with different numbers of individuals and «
values, when the total training budget is fixed to 16k steps. As expected,
increasing « reduces the plateau length. However, excessive increases are
detrimental, likely due to overfitting. We find that the optimal & minimizing
plateau length lies between 0.6 and 0.8, irrespective of the population size,
while the plateau length itself increases with the total number of individ-
uals. We expect this improvement to be particularly significant when the
plateau consumes a large portion of training —i.e., with large population
sizes or limited training budgets. Figure 5.4 (middle) confirms this: the «
minimizing final attribute loss follows the anticipated trend. Overall, the

87



88

HOW DO LANGUAGE MODELS LEARN FACTS?

properties of the data distribution significantly impact final knowledge re-
trieval performance, as demonstrated in Figure 5.4 (right), especially when
individuals appear infrequently, as is likely the case during the pre-training
of large-scale models.

We are aware of three related findings. First, Allen-Zhu & Li [240] demon-
strated the benefits of “celebrities” in a similar setup to ours. Our analysis
provides a partial explanation for this phenomenon. While we find that
celebrities offer comparable benefits to our inverse power law distribu-
tion (cf. Appendix C.5), their effect may be amplified in their setup due
to their use of a single biography for non-celebrities, whereas we never
repeat biographies. Second, Charton & Kempe [253] showed that repetition
benefits Transformer training on arithmetic tasks. Their learning curves
exhibit numerous plateaus, and sample-level repetition reduces time spent
on these plateaus. Our analysis may generalize to this task, suggesting a
broader principle underlying our findings. Finally, Park et al. [254] trained
Transformers on a synthetic mixture of Markov chains and found that low
task diversity shortens plateau length, albeit leading to solutions that do not
generalize as well out-of-distribution. The next chapter will be dedicated to
theoretical analysis of this behavior.

5.4.2 Data schedulers increase the final amount of acquired knowledge

The previous section revealed a trade-off in choosing a data distribution,
depending on the learning phase we wish to optimize. That analysis as-
sumed a fixed distribution throughout training. However, we can envision
data distribution schedulers that dynamically adapt the distribution to the
current learning phase. We confirm that this strategy can yield substantial
improvements.

We implement a “warm-up” strategy: the model initially trains on a subset
of individuals for a fixed number of steps, and on all individuals afterwards.
Starting with a subset of individuals should shorten the plateau, while the
subsequent uniform distribution maximizes knowledge acquisition once
the recall circuits are well established. Indeed, we observe significant gains,
particularly when the number of individuals is large and the model starts ac-
quiring knowledge (Figure 5.4, right), which is a practically relevant regime.
Experimental details and additional analysis are available in Appendix C.5.
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While our experiments used a fixed warm-up duration, it could be dy-
namically adjusted based on observed plateau termination. This training
strategy shares goals with curriculum learning [255], but differs in that data
complexity remains constant. Although preliminary and task-specific, this
promising result suggests a novel strategy for accelerating training in neural
networks that exhibit similar loss plateaus on learned sub-tasks. Further
investigation is needed to better understand the precise conditions under
which data repetition can effectively reduce time spent on performance
plateaus during training.

5.5 HALLUCINATIONS HINDER THE INTEGRATION OF NEW KNOWL-
EDGE POST-TRAINING

This final section examines the challenge of expanding language models’
parametric knowledge through post-training procedures like fine-tuning.
We find that certain types of hallucinations (overconfident predictions on un-
seen individuals) emerge simultaneously with knowledge about individuals
within the training distribution and can be detected at the population level.
These hallucinations significantly impact learning dynamics on new data, re-
quiring numerous training steps to overcome miscalibration, during which
pre-existing knowledge is significantly degraded, a phenomenon reminis-
cent of catastrophic forgetting [256]. Adding replay of existing knowledge
to the fine-tuning data mix only partially mitigates this issue. Overall, our
findings offer an explanation for the infrequent use of fine-tuning [257, 258]
for incorporating new knowledge in the model’s parameters.

5.5.1 Models start hallucinating as soon as they acquire knowledge

Before investigating fine-tuning per se, we first analyze the evolution of
the model’s performance on unseen individuals over the course of (pre-
)training, focusing on whether it predicts attribute values following the
relation-based distribution, i.e., whether it matches the no-knowledge base-
line. We find that the model hallucinates, confidently predicting incorrect
attribute values (Figure 5.5, left), but with lower overall confidence com-
pared to predictions for individuals seen during training (Figure C.13).
Furthermore, hallucinations emerge simultaneously with knowledge acqui-
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FIGURE 5.5: HALLUCINATIONS HINDER THE INTEGRATION OF NEW KNOWLEDGE POST-
TRAINING. (left) Hallucinations (overconfidence in inaccurate predictions) appear
concurrently with the knowledge acquisition, hindering subsequent adaptation
to new knowledge. (middle) Fine-tuning on new individuals causes a rapid drop
in performance on individuals learned during pre-training, with new knowledge
acquisition being a slower process. (right) Incorporating replay of pre-training data
partially mitigates the final performance drop, but not the initial decline. Grey dots
in the middle and right panels indicate performance at the beginning of fine-tuning.
The pre-training (resp. fine-tuning) losses are attribute losses measured on pre-
training (resp. fine-tuning) individuals. See Section 5.5 for details.

sition about the training individuals, suggesting they may be a counterpart
to accurate predictions in current language models.

5.5.2 A large portion of the pre-training knowledge is erased during early fine-
tuning

Given this uncalibrated starting point, fine-tuning on new individuals is
expected to be challenging. We observe a rapid collapse in performance on
pre-training data during the initial stages of fine-tuning (first few hundred
steps), with very little corresponding acquisition of new knowledge (Fig-
ure 5.5, middle). A larger number of fine-tuning individuals intensifies this
effect. Extended fine-tuning eventually changes this trend, and the model
starts learning about new individuals. Incorporating replay data about
pre-training individuals in the fine-tuning set partially mitigates the initial
collapse and facilitates the restoration of corrupted knowledge (Figure 5.5,
right). Finally, we do not observe such degradation when fine-tuning on
subsets of the pre-training data (see the corresponding analysis in Ap-
pendix C.6.3). These results are consistent with the findings of Gekhman et
al. [259], who found that fine-tuning on new knowledge is slow and leads to
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hallucinations. We complement our analysis of fine-tuning dynamics with
one in which the training distribution changes regularly (Appendix C.6.5).
These experiments confirm the findings reported here, as well as highlight
that it becomes easier to learn new individuals as training progresses.

We now turn to explaining this behavior. The first hypothesis we consider
is related to attention patterns. Indeed, introducing new individuals may
disrupt attention patterns, requiring time to restore recall ability, while
keeping parametric knowledge relatively untouched, and further training
may restore them. We analyze the network’s attention patterns, in both our
fine-tuning (Figure C.15) and switching distribution (Figure C.24) setups,
and find them to be remarkably stable, therefore mostly ruling out this
hypothesis. Our second hypothesis is that introducing novel individuals
creates additional key-value pairs that corrupt existing ones when being
learned. To test this hypothesis, we train a one hidden layer multi-layer
perceptron on a toy associative recall task (Appendix C.6.4). With such a
model, which has no attention layers at all, we are able to reproduce the
main qualitative findings of the experiments above, suggesting that changes
in the feed-forward associative memories of the model we consider are the
main factor explaining the model’s behavior. Getting a finer understanding
of these dynamics constitutes an interesting future research direction. For
example, investigating how introducing independent knowledge topics
affects this early catastrophic forgetting could provide some practically
relevant insights.

5.6 DISCUSSION

ON THE LEARNING DYNAMICS OF LANGUAGE MODELS. This work reveals the
existence of phase transitions, the formation of induction heads being the
canonical example [260—262], in tasks as simple as factual recall. While the
results presented above were obtained on an isolated task, we speculate
that even with natural text and its multi-task nature, task-specific learning
dynamics retain the same abrupt transitions and plateaus appear when the
formation of a new circuit is the main bottleneck for solving a specific task.
We found the time spent in the transition phase to depend more on the data
distribution than the model size. Emergent abilities [263] can thus result
from increased training time as models are scaled. On the data distribution
side, our results have two consequences: First, they suggest the benefits of
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using synthetic data early in pre-training, since data used before the end
of the plateau is not retained in the final model. Second, data schedulers,
potentially even adaptive ones that reduce diversity when performance
plateaus on a task, appear to be a promising direction to improve learning
speed. Finally, our identification of changes in feedforward associative
memories leading to rapid performance drops during early fine-tuning
provides a simple explanation for the practically observed ineffectiveness
of fine-tuning for new knowledge (e.g., [257, 258]).

ON THE LEARNING DYNAMICS OF NEURAL NETWORKS MORE BROADLY. This
analysis reveals that, in a simple but relevant setting, attention-based recall
circuits emerge before the formation of associative memories in feedforward
layers. We hypothesize that this occurs as established circuits amplify
the correlation between the inputs and backpropagated errors received
by feedforward layers. Prior to circuit formation, task learning remains
possible (e.g., by artificially increasing name token values), but progress is
slow, performance plateaus, and generalization likely suffers. Phenomena
like grokking [73, 245] may indicate that learning dynamics initially find
this shortcut, before abandoning it due to regularization. The proposed
credit-assignment argument for plateau formation generalizes to other
architectures, as evidenced by ablations in which attention is replaced with
recurrence (Figure C.3). Decoupling the token-mixing role of attention from
other computations, as advocated by [29] for mechanistic understanding of
trained Transformers, also proves powerful for analyzing learning dynamics.
This perspective offers a promising avenue for future investigations into
neural network learning dynamics.

ON THE ROLE OF NON-UNIFORMITY AND CONNECTIONS TO DEVELOP-
MENTAL PSYCHOLOGY. A key finding of this work is the precise analysis
of how imbalances in the training distribution enable faster escape from
performance plateaus. While not explicitly connected to the formation of
attention patterns, similar phenomena have been observed in diverse set-
tings [253, 254], though sometimes at the cost of limited generalization.
Our data scheduling results, by adapting the data to the network’s current
learning phase, offer a promising path towards accelerated learning without
sacrificing generalization. Intriguingly, these strategies mirror the implicit
curriculum experienced by developing infants [63], arising from factors like
limited mobility or frequent exposure to familiar faces, and similar strate-
gies have proven successful in reinforcement learning [264, 265]. As argued
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earlier in the discussion, repetition strengthens the signal-to-noise ratio in
correlations between events (tokens in our case), facilitating faster identi-
fication of key relationships and accelerating learning. Crucially, however,
(progressive) diversification remains essential for optimal generalization in
later stages of learning. Our findings could therefore serve as a building
block for a statistical theory of development.

LIMITATIONS

In our study, we train relatively small language models on a synthetic
factual recall task to investigate knowledge acquisition dynamics. While
this approach enables precise experimental control and mechanistic insights,
it presents several important limitations.

SCALE AND ARCHITECTURE. The 44M parameter models we train are sub-
stantially smaller than the billion-parameter models used in practice. The
learning dynamics we observe may manifest differently at larger scales or
with different architectural choices. However, our ablations across model
sizes, architectures (including recurrent variants), and hyperparameters
suggest the core phenomena are robust to these variations.

Data. The synthetic factual recall task, while designed to capture essential
properties of knowledge acquisition, only represents one specific type of
knowledge language models acquire during pretraining. Different types
of knowledge could interact in sophisticated ways that are not modeled in
our task. This may create extra redundancy that language models could
leverage to accelerate learning. Nevertheless, our fine-tuning results already
align with practically observed inefficiencies of fine-tuning for integrating
new knowledge, suggesting some degree of transferability.

Despite these limitations, we believe our work provides a necessary founda-
tion for understanding knowledge acquisition in neural language models.
The mechanistic insights we derive offer concrete hypotheses that future
work can validate in more realistic scenarios. We hope these findings will
guide the design of more effective training strategies and data scheduling
approaches for large-scale language models.
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THE EMERGENCE OF SPARSE ATTENTION:
IMPACT OF DATA DISTRIBUTION AND BENEFITS OF
REPETITION

The contents of this chapter have been published as a conference
paper at the annual conference on neural information processing in
2025 [266] and have been authored by Nicolas Zucchet, Francesco
d’Angelo, Andrew Lampinen and Stephanie Chan.

6.1 INTRODUCTION

Scaling has been central to the recent success of large language models [23,
65, 66, 267, 268], with scaling laws [248, 269] describing how increased
model size, data, and training consistently improve average performance.
However, beneath this macroscopic predictability, model performance on
specific tasks often reveals capabilities that appear suddenly beyond critical
scaling thresholds — a phenomenon known as emergence [263, 270-272].
While recent studies have begun to characterize how emergence can appear
after a critical training time [253, 260, 273—277], a comprehensive scientific
understanding remains elusive.

This work explores sparse attention as a lens to understand emergence
during training. The formation of sparse attention — where Transformers’
attention layers focus on a small subset of critical tokens — coincides with
sudden performance improvements in many emergent behaviors, including
in-context learning abilities [260, 275] and factual recall [277]. We investigate
why the development of sparse attention can lead to abrupt performance
improvements and reveal how characteristics of the training data influence
the speed of emergence. We make two key contributions:
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— We design a variant of linear regression that specifically requires Trans-
formers to learn to focus on a few tokens within the context (Section 6.3).
This analytically tractable task allows us to mathematically characterize,
in a toy model, the mechanics behind the emergence of sparse attention
and precisely quantify how shorter sequences and repetition accelerate
emergence.

— We apply our sparse attention framework to explain the emergence
of in-context learning in an associative recall task (Section 6.4). Our
theoretical predictions successfully account for how data influences the
emergence speed of the induction head that solves this task.

Overall, our results suggest that sparse attention may provide a unifying
perspective for understanding seemingly diverse emergent phenomena in
large language models. They additionally highlight the potential practi-
cal benefits of repetition for accelerating the formation of specific neural
circuits.

6.2 MOTIVATION

CAN EMERGENCE BE PREDICTED? Emergence in large language mod-
els not only challenges our scientific understanding of how they acquire
new skills but also poses Al safety issues [278] due to its unpredictable
nature, while additionally complicating frontier model development. To
address this unpredictability, researchers have proposed several progress
metrics under which scaling has more predictable consequences, including
validation loss [279], metrics that reward partial progress [247, 280], and
those that employ mechanistic interpretability-motivated measures [245].
However, a significant limitation is that these metrics typically can only
be derived post-emergence [281]. An alternative approach demonstrates
that fine-tuned models” performance on certain tasks can predict whether
the ability to solve the task will emerge in larger models [276]. Our work
explores predictability from a different angle: understanding how the data
distribution influences the learning time at which emergence occurs.

IS THERE A LINK BETWEEN EMERGENCE AND SPARSE ATTENTION?
The driving hypothesis underlying this work is that learning of sparse
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attention patterns is particularly prone to produce sharp transitions in
behavior during training — i.e., the sudden emergence of new capabilities.
There is a statistical argument behind this intuition: when the target a
Transformer has to predict depends only on a few tokens within the context,
these tokens initially have very low weight in the prediction of the model,
as attention typically starts uniform. Initial progress is therefore slow and
the more targeted (thus sparse) attention is, the faster learning becomes.
Multiple empirical observations strengthen our hypothesis. The induction
head [260], whose formation coincides with the sudden emergence of
certain in-context learning abilities, fundamentally relies on the combination
of two attention layers with sparse patterns. Similarly, the mechanisms
underlying factual recall in large language models [244, 245] demonstrate
sparse attention properties and show emergent learning dynamics [277].
These specific emergent phenomena appear to be linked to the development
of sparse attention mechanisms, suggesting the existence of a potential
causal relationship between the two.

THE INTRIGUING INTERPLAY BETWEEN REPETITION AND EMERGENCE.
While data diversity is generally considered a gold standard in machine
learning, a growing body of evidence suggests that repetition can actually
accelerate emergence over training. Chan et al. [273] demonstrated that
showing some tasks more often favors the emergence of in-context learning.
Charton & Kempe [253] revealed that repeating a subset of examples more
frequently than others dramatically accelerates Transformers’ ability to
solve certain arithmetic tasks. This pattern extends beyond mathematical
reasoning, as Zucchet et al. [277] (and to some extent Allen-Zhu & Li [240])
showed that repeating biographies of specific individuals speeds up the
development of circuits critical for factual recall from model parameters.
Collectively, these results establish repetition as a fundamental property of
data distributions that can systematically influence emergence timing, thus
justifying integrating it in our model to better understand its role.

63 THEORETICAL INSIGHTS ON AN ATTENTION-BASED LINEAR RE-
GRESSION TASK

To illustrate how emergence can arise from sparse attention learning, we
introduce a variant of linear regression that additionally requires selecting
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a relevant token from the input sequence. We introduce this task alongside
a minimal attention-based toy model for solving it (Section 6.3.1), theoreti-
cally analyze its learning dynamics both without (Section 6.3.2) and with
repetition (Section 6.3.3), and empirically show that our findings extend to
more realistic Transformers (Section 6.3.4).

6.3.1  The single-location linear regression task

We consider the following supervised learning task. We are given an input
sequence (x¢)L_, of length T in which each token x; € R? is drawn i.i.d.
from a zero-mean normal distribution with variance 1/d and aim to predict
the target y* given by

Yy =Wxr (6.1)

Here, the target weight matrix W* € R¥*“ is a predetermined matrix and
y € R?. To successfully solve this task, an attention-based model must learn
to attend to the last token only and learn the ground-truth target weights
W*. We deliberately incorporate a sparse attention target mechanism to
study the relationship between sparse attention and emergence. This task
shares similarities with the single-location regression task of Marion et al.
[282], although in our case, the relevant token location is always the same.
Figure 6.1 summarizes this task.

We model two forms of repetition that are ubiquitous in natural language:

— In-context repetition. This occurs when specific token groups (e.g., a
person’s name) repeatedly appear within a single context window. In
our framework, we model this property by repeating the relevant token
xr multiple times in the sequence (x;)!_,, always at the same positions
for our simplified model to be able to use it. Following Chan et al. [273],
who termed this property “burstiness”, we denote B as the number of
times the task-relevant token appears in the context.

— Cross-sample repetition. This form of repetition comes from having
certain information (such as biographical details of specific individuals)
overrepresented in the overall training data. We implement this by
first sampling the input sequence normally, but then occasionally (with
probability p) replacing the relevant token x7 with a special predefined
token %.
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Task. Single-location linear regression

Yy =Wz

In-context repetition

o 2 i n
T

Cross-sample repetition

= 2 s i o n
o 2 3 i o n

FIGURE 6.1: A SIMPLE TASK TO STUDY THE EMERGENCE OF SPARSE ATTENTION. We
introduce a variant of linear regression task that is analytically tractable and in
which Transformers-like models need to learn sparse attention. The model must
identify which token (here the last one, x7) is relevant for the target output y*. We
incorporate two realistic forms of repetition in the data: in-context repetition, where
the relevant token appears multiple times within the context, and cross-sample
repetition, where an input sequence contains a special token % (here colored in
green) at the relevant position with probability p. See Section 6.3.1 for details.
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For the purpose of our theoretical analysis, we introduce a simplified
attention layer, defined by

T
y =W )_ softmax(a); x; (6.2)
=1

with a € RT the attention scores vector and W € R?* the weight matrix.
Unlike in standard Transformer attention [21], our model does not use any
semantic information to determine where to attend. This simplification
facilitates theoretical analysis and implicitly assumes that the attention layer
has already learned to filter irrelevant contextual information. The model’s
parameters (a, W) are learned by minimizing the expected mean square
error between predictions y and targets y*.

6.3.2 The learning dynamics of the simplified Transformer exhibit emerging
abilities

The performance of our simplified model on this task exhibits a characteris-
tic learning pattern: an initial plateau where the loss minimally decreases,
followed by a sharp phase transition towards significantly lower loss values.
The analysis we detail below reveals that this emergent behavior arises from
the interaction between feedforward weights and attention during learning,
and that the duration of the initial plateau increases with the sequence
length T and data dimensionality d.

REDUCED LEARNING DYNAMICS. We analyze the gradient flow dynam-
ics of the simplified model. The assumptions and mathematical details of
this analysis can be found in Appendix D.1. Under these mild assump-
tions, the learning dynamics of the entire model reduces to two key scalar
variables: Aa := ar — a; for any ¢t < T (all attention scores to non-relevant
tokens stay the same under our assumptions) and w the scalar projection’

1 w is formally defined as w := (W*, W)p/|[W*||[r € R with (-, - )¢ the Froebenius inner

product.
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of W on W*. These variables are initially both equal to 0 and they evolve
according to the following system of ordinary differential equations:

a(Wd—aw) (1-a)w
w= d AT —1) 63)
_ w(Vd —aw) (1 —a)w?

Aa—zx(l—zx)( 7 + d(Tl))'

with a := (1+ (T — 1) exp(—Aa))~! the attention given to the final token.
In these two equations, the first term is the relevant signal and the second
term is the noise coming from non-relevant tokens.

(6.4)

These equations enable us to elucidate the roots of emergence in this task.
Initial learning is slow, as Aa does not receive any teaching signal as w = 0
and w slowly increases as attention is initially uniform (¢« = 1/T). As a
consequence, the feedforward weight W must first align with the target
weights W* before attention can learn. A positive feedback loop is then
progressively established: increased attention improves the learning signal
for w, and a better-learned w further reinforces the correct attention pattern.
This dynamic, similar to the one found in deep linear networks [59], leads
to a sharp decrease in loss and the sudden emergence we observe in
Figure 6.2.a.

PREDICTING WHEN EMERGENCE ARISE. To estimate how long it takes
to escape the initial loss plateau, we linearize the dynamics around the
initial conditions and obtain

' 1 L
<w>— VT | 4+ ? vt <w> 6:5)
Aa 0 W 0 Aa
This linearization provides two key insights: First, it confirms that feedfor-
ward weight learning precedes and drives attention learning, as evidenced
by the initial gradient and the top-right entry of the matrix in the equation
above, and corroborated by the simulations of Figure 6.2.b. Second, it en-

ables us to estimate the escape time from initial conditions, defined as the
time required to reach (1 — ¢) of the initial loss value. It is equal to

T, = sz (f T) (6.6)
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FIGURE 6.2: SPARSE ATTENTION IN THE SINGLE-LOCATION LINEAR REGRESSION TASK. a.
As desired, the learning dynamics of our simplified Transformer (Eq. 6.2) exhibit
a multi-phase behavior including an initial plateau, on the task without repetition
(T = 512). b. Mechanistically, the weights w begin learning before attention to
the relevant token a (T = 512, d = 64). Dashed lines represent optimal values. c.
The duration of the initial plateau increases as a function of sequence length T
and input/output dimension d, closely following a power law scaling relationship
(R% = 0.999). See Section 6.3.2 for details.
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This formula succinctly demonstrates that both longer sequences and higher-
dimensional inputs increase the time spent on the plateau and delay emer-
gence. This theoretically derived scaling closely matches the one obtained
in simulations, as depicted in Figure 6.2.c (¢ = 0.8 in these simulations).

6.3.3 Repetition speeds up emergence

Now that we have thoroughly examined the vanilla case, we focus on
understanding the effects of repetition. Our analysis reveals that in-context
repetition makes the attention pattern to be learned less sparse, thereby
simplifying the task, while cross-sample repetition accelerates feedforward
weight learning in specific directions, which subsequently increases overall
learning speed by increasing the attention of the model to relevant tokens
earlier. We present the key findings below.

IN-CONTEXT REPETITION. The role of in-context repetition is rather
simple. At initialization, the attention layer allocates B times more weight
to the relevant tokens compared to the case without any repetition. This
accelerates both initial learning of the weights and the increase of attention
to the relevant tokens. Theoretically, we can show, cf. Appendix D.1.3, that
the escape time from the initial loss plateau becomes proportional to Tv/d/B.
Replacing T by T/B in the scaling law we obtained in Figure 6.2.c yields
an almost perfect empirical fit, cf. Figure 6.3.b. This result highlights that
B reduces the sparsity of the target attention pattern and thus accelerates
emergence.

This analysis ignores, by design, any ability of the attention mechanism
to flexibly use semantic or positional information, as we directly param-
eterized the attention scores. We argue that our findings will extend to
the more general case. Indeed, both the attention scores, which would
now be the output of some function, and the feedforward weights receive
larger gradients with in-context repetition, and thus learning will overall
be faster. We will confirm that the same conclusion holds empirically for
more realistic architectures and optimizers in the next sections.
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FIGURE 6.3: REPETITION SPEEDS UP EMERGENCE IN THE LINEAR REGRESSION TASK. (top)
Increasing in-context repetition through B reduces the initial plateau, and the length
of the plateau is well captured by the power law Tyjaeqy = 1.51 T%%° B~099 4049
(R? = 0.999). (bottom) Cross-sample repetition, modulated by the repetition
probability p, exhibits similar effects, even when evaluating the model on a
test loss without repetition (i.e., p = 0). The length of the plateau follows

Tolateau = 2.15(VdT/\/p?d + (1 — p)?)102 (R? = 0.992). See Section 6.3.3 for de-
tails.
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CROSS-SAMPLE REPETITION. The role of cross-sample repetition is more
intricate. Repeating one token more frequently, that is increasing p, causes
the input covariance matrix of the relevant token, E[xrx}], to become
anisotropic. The different components of the weight matrix W are then
learned at different speeds. While this difference in learning speed tradi-
tionally leads to slower convergence rates in vanilla linear regression [171],
it turns out to be beneficial in our attention-based version of the task.
Indeed, following similar principles to the ones detailed in the previous
section, learning weights in the repeated direction will lead to the attention
to the relevant tokens increasing faster, and this then speeds up the learning
of the non-repeated dimensions. As a consequence, the model escapes the
initial learning plateau faster. Importantly, this also holds when measuring
the model’s performance on non-repeated data, as seen in Figure 6.3. The
effect of cross-sample repetition can also be understood as increasing the
signal-to-noise ratio. Repeating the same token increases the amount of
signal coming from the relevant token while keeping the amount of noise
received from other tokens fixed, at the price of losing some information
about the relevant signal.

Theoretical analysis requires the introduction of an additional variable,
so that the learning speed in both the repeated dimension and the other
dimensions can be tracked independently. This model, which we intro-
duce in Appendix D.1.4, enables us to justify the mechanistic insights
mentioned above, as well as to derive that the plateau length scales as
VdT/+/p?d + (1 — p)2, which accurately describes empirical behavior (cf.
Figure 6.3). The repetition probability p thus implicitly interpolates between
the d-dimensional case and the 1-dimensional case, highlighting that the
learning of the feedforward mapping becomes less of a bottleneck.

However, cross-sample repetition is not a free lunch: it only provides a
temporary advantage. First, these dynamics only have a smaller test loss in
the medium term. In the long run, learning is slower for similar reasons as
for the standard linear regression. Second, there is an additional overfitting
problem. While it does not appear in this simplified setting as anisotropic
input covariance does not bias the final solution, it starts appearing for
more realistic architectures. This phenomenon has been observed in practice:
examples include [253, 254, 277] for synthetic tasks that have properties
similar to the one we focus on here, and [283, 284] for the pretraining of
large language models.
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6.3.4 The theory qualitatively captures learning dynamics of full-fledged Trans-
formers

We conclude our linear regression analysis by examining how our theo-
retical predictions extend to more realistic task versions, optimizers, and
models — particularly those with standard attention that varies with inputs.
Our findings indicate that learning dynamics behave qualitatively similarly,
showing sharp phase transitions, with emergence time maintaining similar
dependencies on data properties. However, the precise dependencies differ,
which we investigate in more depth.

For this investigation, we train a standard 2-layer 4-heads Transformer
with the Adam optimizer [146], using a constant learning rate of 10~%. Our
only deviation from standard architectures is removing layer normalization,
which makes solving the task more challenging. To enhance task realism,
we randomly sample the positions of relevant tokens and incorporate an
additional feature into the input to indicate whether a token is task-relevant.
Further experimental details are provided in the appendix.

The learning dynamics of Transformers align qualitatively with our theoret-
ical predictions. First, the loss evolution exhibits a sharp phase transition
(see Figure D.6 in the appendix for an example). Second, emergence time
depends similarly on the data properties identified in our theory, with
repetition accelerating emergence. However, this result comes with several
nuances.

For scenarios with no repetition or with in-context repetition, power laws
still accurately capture the dependency of emergence time on sequence
length T, dimension d and burstiness B, though with significantly different
exponents. Ablations (see Appendix D.2.3) reveal that optimizer, architec-
ture, and task specifics all influence these exponents. Notably, replacing
Adam with SGD substantially slows emergence, both in absolute terms
and by increasing dependency on task difficulty. This finding illustrates
a broader observation: Adam is crucial for efficient Transformer learning

[151, e.g., ]

Regarding cross-sample repetition, power laws no longer accurately de-
scribe the empirical relationship, partly because measuring plateau length
becomes more difficult (see the learning dynamics under cross-sample
repetition in Figure D.7 in the appendix for an example). Nevertheless, the
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FIGURE 6.4: THEORETICAL INSIGHTS ON THE LINEAR REGRESSION TASK TRANSFER TO
MORE REALISTIC VERSIONS OF THE TASK, THE MODEL, AND THE OPTIMIZER. Transformer-
based architectures exhibit similar phase transitions as our toy model and its
corresponding plateau length follows similar trends to the ones derived in theory.
(left and middle) Evolution of the plateau length as a function of d, when varying
T and B (by default T = 256 and B = 1). The lines corresponds to the power law
Tplateau = 0.76 4129 7080 g —0.80 (R2 — () 995), (right) Same plot, this time varying
the cross-sample repetition probability p. The lines correspond to the evolution of

the average plateau length as d increases, for the different p values. See Section 6.3.4
for details.
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trends identified in our theory still hold: this form of repetition accelerates
emergence, with the effect becoming more pronounced as d increases.

64 EMERGENCE OF IN-CONTEXT LEARNING, THROUGH THE LENS OF
SPARSE ATTENTION

We conclude by investigating to what extent the insights developed on
our simple linear regression task extend to more realistic learning prob-
lems, in particular one in which in-context learning emerges. To this end,
we examine an in-context associative recall task, which can be solved by
learning an induction head — a well-studied circuit strongly implicated
in in-context learning [260, 275], which necessitates at least two attention
layers with sparse attention patterns. Our theory qualitatively captures
both the learning dynamics and the impact of the training distribution on
learning speed.

6.4.1 The in-context associative recall task

The in-context associative recall task serves as a standard benchmark for
testing language models’ ability to access information in their context and to
perform a simple form of one-shot learning. This task requires abilities that
correlate with models” capacity for in-context learning [260], and variations
of it have been extensively studied to better understand how in-context
learning emerges [262, 273, 275, 285—288]. It has also been used as a testbed
for recently proposed linear recurrent architectures [e.g., 70, 71, 129], as it
acts as an important differentiator between attention-based and recurrent
architectures [289].

We implement this task as follows: each sequence consists of Npairs key-
value token pairs (5 such pairs in the example below) followed by a query
token (Z below), as shown:

YI AX UR zZY CA 27

The query corresponds to one of the keys in the context, and the model
must output the corresponding value - Y in the example above (since the
query Z matches the key in the pair Z Y). In practice, we work with a total



64 EMERGENCE OF IN-CONTEXT LEARNING

1.0 4
number
5. 0.8 pairs
o w 4 8
3 0.6 1 number E — 16
O pairs +
© 4 wn
2 04 8 S 24
£ 021 — 16
—_ 32
Oo T T T T 1 0 T T T T 1
0 50k 100k 150k 200k 0 50k 100k 150k 200k
steps steps
106 - s
.‘a 10° A o Py .
c L ]
S 10* ¢
= s ‘
©
L 10° A
©
o 102 number pairs
8 o 16 o 32 o 64
32 64 128 256

vocab size

FIGURE 6.5: IN-CONTEXT LEARNING EMERGES IN THE ASSOCIATIVE RECALL TASK, AND
EMERGENCE TIME GROWS WITH THE NUMBER OF PAIRS IN THE CONTEXT AND THE
VOCABULARY SIZE. (left and middle) The ability to solve the task emerges through
training, with emergence time increasing as the task gets harder (by increasing the
number of pairs here, the vocabulary size being fixed to 256). This is qualitatively
consistent with the theory developed for sparse attention. (right) Systematically
investigating the relationship between emergence time and data properties reveals
that it follows the power law Tpjateau = 0.55 N0, Ng‘aziis (R? = 0.982). Results are
only shown when the number of pairs is larger than the vocabulary size, to ensure
that the query does not appear multiple times in the context (we do not consider
repetition here). More details, in particular a hypothesis for why the Npairs €xponent
is so high, can be found in Section 6.4.2.
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of Niokens Unique tokens provided to the network via one-hot encodings.
We train the model using a cross-entropy loss comparing the model output
to the target value.

The number of pairs Npairs controls the sequence length T as T = 2Npairs + 1
(accounting for the query token), and the vocabulary size Nigkens plays a
role comparable to the input dimension d in the linear regression task. To
model in-context repetition, we ensure that the query token appears on
average B times in the context (as a key). To model cross-sample repetition,
we select a subset of 2 tokens that will appear more often® and vary p, the
probability to sample the query from this subset. The precise description
of the task is provided in the appendix. The results we report in the main
text are testing the learned models on data without any repetition, thereby
testing the generalization abilities of models learned on repeated data.

Transformers typically solve this type of task by implementing an induction
head — a circuit that combines an attention layer responsible for concate-
nating the representation of the current token with the previous token,
and a selection attention layer responsible for retrieving the relevant in-
formation from the context. Both attention layers focus on a sparse subset
of tokens (usually just one), making this task particularly well-suited to
test our theory. Unlike the linear regression task where sparse attention
was hard-coded in the target input-output mapping, there is no inherent
constraint forcing models to develop sparse attention here. This task thus
serves as the perfect testbed to evaluate our theory on more realistic, yet
still finely controlled, learning scenarios.

6.4.2 The emergence of in-context learning depends on data as in the theory

As with the linear regression task, we investigate the learning dynamics of
Transformers on this task and compare the qualitative findings with those
of our developed theory. The experimental setup being closely related to the
one in Section 6.3.4, we defer its thorough description to the appendix and
note that we use layer normalization and MLPs for this set of experiments.

2 2 is an arbitrary choice that we have not ablated.
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Overall, we find that our theory accurately describes both the learning
dynamics (in-context learning emerges in this task) and the dependency of
emergence timing on data distribution properties.

LONGER SEQUENCES AND LARGER VOCABULARY SIZE DELAY EMER-
GENCE. We begin by verifying that the intuition described above applies
and that the learning curve exhibits the sharp phase transitions character-
istic of emergence. This is indeed the case for sufficiently long sequences
and/or large vocabularies, as illustrated in Figure 6.5. Importantly, there is
only one phase transition despite two attention layers being needed to learn
sparse patterns; Figure D.12 shows that they are learned simultaneously.
This observation is consistent with the results of Reddy [262] and Singh

et al. [275].

In Figure 6.5 (right), we report how the emergence time, arbitrarily defined
as the time needed to reach 5% accuracy, evolves as a function of sequence
length and data dimension. It accurately follows a power law, as in all
our other experiments, albeit with exponents that are relatively low for
Niokens (0.79) and extremely high for Npairs (2.25). We hypothesize that the
lower exponent for Niyyens stems from the fact that most of the feedforward
processing can be handled by residual connections, and given that the di-
mension of the data primarily influences the speed of feedforward learning,
data dimension does not have such a large effect. For the higher exponent
for Npairs, our hypothesis is that this occurs as two sparse attention patterns
must be learned jointly. In the toy model we analyze theoretically, a similar
coupling exists between the attention and the feedforward weights, result-
ing in a multiplicative interaction. We posit that a similar mechanism may
be at work here, with each attention layer contributing additively to the
Npairs exponent. We leave a more thorough investigation of how different
circuits interact to influence emergence time to future work.

REPETITION SPEEDS UP EMERGENCE BUT COMES WITH OVERFITTING
RISKS. We next investigate the benefits of in-context and cross-sample
repetition. From the high sensitivity of the emergence time on sequence
length revealed by previous analysis, we expect in-context repetition to
have a stronger effect than the cross-sample one. This is what we observe.
The results reported in Figure 6.6, which evaluate the model performance
on test data that has no repetition, demonstrate that repetition can signifi-
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FIGURE 6.6: REPETITION SPEEDS UP EMERGENCE IN THE IN-CONTEXT ASSOCIATIVE
RECALL TASK BUT COMES WITH OVERFITTING RISKs. (left) We vary the amount of
in-context repetition B, that is the number of times the query appears as a key in
the context on average, and find significant benefits of small amount of repetition.
Larger amounts of repetition lead to overfitting, but learning for long enough
eventually leads to grokking. (right) Cross-sample repetition, more precisely the
probability p that the query is one of the 2 repeated tokens, has similar effects.
Results are obtained for Npairs = 32 and Nigkens = 256.



6.5 DISCUSSION

cantly speed up emergence, by a factor of 4 for in-context repetition and a
factor of 2 for cross-sample repetition. The attention sparsity perspective
thus explains why in-context repetition has been found to favor in-context
learning vs. in-weight learning [262, 273, 290]: the induction head needed
to solve this kind of task is formed earlier with such a form of repetition.

However, this benefit comes with an overfitting risk: while repetition con-
sistently accelerates learning (repetition always speeds up learning on the
train loss, cf. Figure D.11 in the appendix), too much repetition leads to
learning strategies that do not generalize well. For example, selecting the
most frequent value is a valid strategy for this task whenever the query
appears two or more times in the context. Interestingly, we also observe
some grokking-like patterns [73] as the test accuracy eventually starts to
increase late in training for large amounts of repetition. We argue that this
occurs because the no-repetition case is still represented in the training data,
albeit with very little weight. This trade-off between learning speed and
generalization is consistent with what Park et al. [254] reported on another
in-context learning task. The overfitting we observe here may appear in-
consistent with our theory but is not: our theory addresses learning speed
(performance on the training loss) rather than generalization ability.

6.5 DISCUSSION

CONNECTION WITH OTHER THEORETICAL WORK. Through the lens of
sparse attention, we provide a unifying perspective on a set of empirical
results highlighted in the Motivation (Section 6.2). While our focus on
sparse attention and the effect of repetition is unique (to the best of our
knowledge), there are multiple closely related works. First, the interaction
between the feedforward weights and attention we study is closely related
to the one between two consecutive feedforward linear layers [59, 60] [59,
60, 291]. Linear networks also display incremental learning with abrupt
transitions characterizing each phase change [292—295]. This line of research
on linear networks has since then been extended to linear Transformers [290,
296], in particular to study the emergence of in-context learning. On the
more conceptual side, there exist other theories of how emergence could
arise from longer training, such as grokking [73, 274] or singular learning
theory [297, 298]. While rarer, other theories focus on emergence from
increased model size [299]. Compared to these, our theory focuses on
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learning dynamics (emergence over the course of training) and is directly
tied to the internal mechanisms of the Transformers.

HOW MUCH EMERGENCE COMES FROM SPARSE ATTENTION? One
key result of our paper is that the learning of sparse attention is prone
to producing emergence over the course of training. Given that sparse
or concentrated attention is a common emergent feature of Transformers
(e.g., induction heads [260], task/function vectors [300, 301], or high-norm
tokens in vision transformers [302]), one may ask how much currently
known emergent behaviors can be attributed to the learning of sparse
attention patterns, and whether there are many more emergent behaviors
than what is currently reported. However, these points must be weighed.
As noted above, even simpler MLPs can give rise to abrupt emergence
over training [e.g., 59]; thus, learning in other circuits within Transformers
might contribute to sudden transitions in their performance. Furthermore,
emergence results at large scale mostly show a sharp phase transition of
the model as the number of FLOPs [e.g., 263], which roughly corresponds
to the model size times the number of training steps, reaches a certain
threshold. It is therefore unclear whether these examples of emergence
are rooted in longer training, models with higher capacity, or a complex
interplay between the two. More empirical and theoretical work is needed to
better understand the causes of emergence in large models and the possible
complex relationship between training-based and size-based emergence.

DATA DIVERSITY AS A PATH TOWARDS ACTIVE LEARNING? Another
key result of our work is that low data diversity can actually improve
performance. This contrasts with classic machine learning principles, which
state that low diversity hurts generalization. These two apparently con-
flicting statements are actually compatible. As our results highlight, low
diversity accelerates the learning of sparse attention, but high data diversity
is better as training time goes to infinity. We hypothesize that data diversity
might be a powerful lever towards enabling active learning [303], with the
ultimate goal of letting the learner decide what it wants to learn on and
reaching human-level sample efficiency that current deep learning systems
crucially lack [18, 304, 305]. Humans also encounter varying levels of data
diversity over development; e.g., infants receive progressively increasing
data diversity during their early years [63]. Such principles could already
be at play in the current training pipeline of large language models, for
instance when code, which typically has lower syntactic diversity than other
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types of text [306], is included at specific moments during training. While
promising, this thread requires more extensive analysis, both at a larger
scale and on more realistic data distributions.
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Part II1

APPENDIX






VANISHING AND EXPLODING GRADIENTS ARE NOT
THE END OF THE STORY

A.1 DEFINITION OF THE RECURRENT NETWORKS WE USE

In this section, we rigorously define all the architectures we use in the main
text and in the appendix, as well as precisely describe how we initialize
them.

A.1.1  Linear recurrent neural network

Let us start by introducing the linear recurrent neural network we are using.
It satisfies

ho = 0 (A.1)
hii1 = Ahy + Bxpqq (A.2)
yt = Chy + Dx; (A.3)

with x; € R, by € R”, Yt € Réut, A € R"™" B € R"in, C & R%outxn
and D € R%ut*din We draw the entries of B, C and D from independent
truncated normal distributions with fan_in scaling. We draw each entry
of A from N'(0,1/+/n) independently and then apply the following post-
processing to it: First we complex diagonalize A, which we can do almost
surely. Note A its eigenvalues. We then transform them according to

A < (v + (1 — vp) tanh(|A])) exp <i“mg1;()‘)eo) (A.g)

with vy and 0y two scalars that we control. This transformation has several
benefits: we are guaranteed that the magnitude of A is within [vp, 1] (and
in [vp,vp + (1 — vp) tanh(1)] in the limit n — oo as the eigenvalues of A
stay within the unit circle in that limit), and conjugate pairs of eigenvalues
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remain conjugate. This last point ensures that the resulting matrix remains
real without having to change the eigenvectors. When we split the connec-
tivity matrix A into several independent blocks, we initialize each block
separately with the scheme described above.

A.1.2  Complex-valued RNN and linear recurrent unit (LRU)

Both architectures have recurrence of the form

I’lo =0 (A5)
hiy1 =AOh+7©Bx; (A.6)
Yr = Re[Cht + Dxt] (A7)

with © the element-wise product, x; € R, 1y € C", Yt € Riout, A € C",
B e C™in, 4 € R", C € Clout*" and D € Rfout*din,

For the complex-valued linear RNN, we take

A= AT 4 iAim (A.8)
=1 (A.9)

so that it can be considered as parametrizing the diagonalized version of
the linear RNN.

For the LRU [69], we take
A = exp(—exp(wy)) exp(iexp(wy)) (A.10)
¥ = exp(wy). (A.11)

For both architectures, we use the LRU initialization so that A is uniformly
distributed on the ring between the circles of radii vy and 1, with absolute
angle restricted to be below 6. For the LRU, we initialize y to \/1 — |A|%.
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A13 54

We consider a slightly modified version of S4 here:

A = softplus(wp) (A.12)
hit1 = exp ((wff + iwﬁ“)A) ©hy+ A©Bxpq (A.13)
yt = Re[Cht + Dxy (A.14)

with x; € ]Rdi“, hy € C", y; € ]Rd"“f, wff + iwff‘“ eC", Be Cnth‘, wp € R”,
C € Cutx" and D € R%ut*din, The main difference with the standard
architecture is that we do not consider any state expansion so that there is
no parameter sharing. The makes this architecture closer to the linear RNN
architecture we mostly focus on in this paper, while keeping the kind of
parametrization it uses. In the same spirit, we do not couple the input and
the readout matrices in any way.

The initialization we use also differs from existing ones as we initialize A to
1 and exp (A(w'? + iw'")) in the same way as A in the LRU.

a14 GRU

The GRU version we use is the following:

rie1 = O(WixXy1 + Wihe + by) (A.15)
frr1 = c(Weyx + Wephe + by) (A.16)
ner1 = tanh(WixXp i1 + bux +7© (Wanht + b)) (A.17)
hiv1 = fis1 O+ (1= fri1) O nppa (A.18)

(A.19)

with ¢ the sigmoid function, h; € R", x; € R%n and all the other matrices
appropriately sized. We initialize the parameters with the Chrono initializa-
tion [184]: all parameters are initialized using standard practice (orthogonal
initialization for the weights taking & as input, Lecun initialization for the
rest, biases initialized at 0) except for b s which is initialized as

bf ~ log (u (Tmin/ Tmax)) . (A.20)
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Here, Tmin and Tmax denote the minimum and maximal characteristic time
scale. In the experiments of Section 3.6 we take
Tinin = ! (A.ZI)
1-— 1)
2
1-—- 14

(A.22)

Tmax =

to enable the comparison with other architectures. Indeed, when ignoring

the dependence of the forget gate f on the input x and on the hidden state

h, this corresponds to having f € [1/0, 12’/0} .
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A.2 THEORY

This section introduces all the theoretical results we directly or indirectly
mention in the main text, as well as provides a proof for them.

a.2.1 Useful lemmas

Most, if not all the calculations, that we will be doing in this section
involves infinite sums. We state and prove two useful lemmas to simplify
later calculations.

Lemma 1. For o, B € C satisfying |«| < 1and |B| < 1, and (un)ncz a bounded
sequence satisfying u_, = uy,, we have

Z & By = 1_10(13 <u0 + Z (D‘A + ﬁA>uA> (A.23)

n,m>0 A>1

Proof. The proof naturally comes from separating the indices n and m in
three sets: one in which the two are equals, one in which 7 is larger and
one in which m is larger. This gives

Z tx”ﬁmun,m — Z lxnﬁmunfm_" Z lxnﬁmun—m‘F Z “nﬁmunfm

n,m>0 n=m n>m n<m
(A.24)
= Za”ﬁ”uo + lemﬁm Z IXAMA + Zﬂcnﬁn Z ,BAL{_A
n m A>1 n A>1
(A.25)
=Y a"p" (uo + Y (et + ,BA)uA> (A.26)
n A>1
=7 _1 ap (”o+ Z(ocA+ﬁA)uA> (A-27)
A>1

O
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Lemma 2. In the same conditions as Lemma 1, we have

Y nma B iy = (;x;ﬁ ll —10cﬁ <u0 + Y (@t + ﬁA)”A>]

n,m>0 A>1

Proof. This follows from remarking that

d d d
a@ l 2 anﬁmun—m] T du [ Z manﬁmlu"—m] (A.29)

n,m>0 n,m>0
= 2 nma” 1My, (A.30)
n,m>0
and using Lemma 1 to get the final result. O

A.2.2  The curse of memory: signal propagation analysis

We recall the assumptions that we stated in Section 3.3.2:

a) Linear diagonal recurrent neural networks. We restrict ourselves to
networks satisfying h;y1 = A © Iy 4+ x;41 with A, hy and x; complex
numbers. Without loss of generality, we focus on the one dimensional
setting. We additionally consider As with absolute values smaller than
1.

b) Infinite time horizon. We consider infinite sequences and initialize the
network dynamics at tg = —oo.

c) Wide-sense stationarity. We assume the different quantities that the
network receives, which includes the inputs x;, to be wise-sense station-
ary (WSS). A random process X; is said to be WSS if its auto-correlation
function is independent of time, that is, for all t € R and A € R,
E [Xt+AXt] = Rx(A).
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A.2.2.1  Forward pass

Without loss of generality, we can take t = 0 given the wide-sense station-
arity and infinite time horizon assumptions. Let us first remark that we
have

hy = Z AMx_y, (A.31)
n>0
so that
E[lho[*] = Y A"A™E [x_p%_p] (A.32)
n,m>0
= Z /\nmex(Tl —m) (A33)
n,m>0
_ 1 3A A
= 5 | Re(0) 4+ Y (A +A%)Ry () ). (A.34)
1—A| A

We used Lemma 1 to obtain the last equality. In Section 3.3.2, we focused
on the real case A = A, so this formula becomes Equation 3.5. If we further
assume that the auto-correlation of x decreases exponentially with decay
rate p, that is Ry (A) = pl®|, we can further simplify the last expression:

1 _
lE‘HhO|2] = 1_ |A‘2 (1 + Z (/\A + )‘A)PA> (A.35)
A>1
1 Ap Ap
= —— = A.
1-|A]2 <1+1—Ap+1—)\p> (A-36)
1-p?|A]?
= (A.37)
1= pAl2(1 = [A]?)

It follows that if the inputs are i.i.d. (0 = 0), we have E[|ho|?] = (1 —|A|?)~},
and if the inputs are constant equal to 1 (0 = 1), we have E[|h|*] =
I1— A2

A.2.2.2  Backward pass

Differentiating the update h; 1 = Ah; 4 x4 with respect to A gives

dhiy _ iy
A —/\d/\+ht (A.38)
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so that
% _ r;) b (A.39)
= ;O)\n ZO)mefnfmfl (A.40)
n> m=
- 2>0A”+mx7(n+m+1) (A.41)
nm~=
=Y nA" . (A.42)
n>0

Note that some extra technicalities are needed to justify these equations
as A and h; are complex valued: these formulas hold as they would in the
real-valued case as /; is an holomorphic function of A.

We can now compute the variance of the sensitivity of the hidden state with
respect to the parameters.

dhy

E || =t
dA

2
] =Y Y nmA" AR (n — m). (A-43)

n>0m>0

Using Lemma 2 gives

d[*|  d d 1 A A
]EUd/\ ]_dadﬁ [1—043 (R"(O”A;(“ P )R"(A)ﬂm_w_g
(A44)
Differentiating this quantity as a product gives
dig[*| | 1+aB AL b
Ellg ]— A—app (Rx(0)+A§1(0< +8 )Rx(A)>+0
L A Afle A
+(l—06,3)2 (AZ>:1 ¢ ()
_F ABA TRy (A A
T (A; BETIR«(8) e (A.45)
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which then simplifies as

i,
dA

2 2
] ~ <Rx<o> n zmu#mm)

A>1

E

1 <
t o [ L AMY+AMR(A) |, (Ag6)
(1 - |A| ) A>1
Note that Equation 3.6 in the main text is the real-valued version of that
formula.

Let us now further simplify this equation when Ry(A) = plAl. If we use this
in the differentiated quantity before differentiating it, we get

2] = dedp w0 —E)‘E?E pm)LAM' (A47)

Calculating this quantity manually is painful. Instead, we use the following
trick. Its denominator is rather easy to compute, it is equal to (1 — af)3(1 —
pa)?(1 — pB)?. We thus multiply it to the derivative of the function we want
to compute in order to obtain a polynomial with unknown factors, and use
polynomial regression tools to derive the resulting coefficients. Massaging
the obtained expression to make it easier to compute the closed-form value
of this quantity when p = 0 and p = 1, we get

dhy

E|[=—2
dA

2 1
] T A—[APPT = At

+p(1=p)AP (A1 +1A1%) —24 =21))  (A48)

E

d,
dA

(A=) + NP+ =22

This is the quantity we plot on Figure 3.1.A, when A is real-valued. When
p = 0, this quantity becomes

dhy |2 1+]AR
E = A.
and it is equal to
dh; [* 1
E . A.
U‘M ] T (A.50)

when p = 1. Additionally, it will diverge whenever |[A| — 1 when p < 1,
and when A — 1 when p = 1.
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Regarding the backpropagation of errors to the inputs, the analysis we
did in the main text also holds for complex number given that h; is an
holomorphic function of x; and it thus behaves as the forward pass once
replacing the input distribution with the one of output errors 9j, L;.

A.2.2.3 Extension to fully-connected networks

We now turn to the non-diagonal case. For the sake of simplicity, we assume
that recurrent matrix is complex diagonalizable and that its eigenvalues
are all different. This will enable us to differentiate the eigenvalues and the
eigenvectors. We consider dynamics of the form

hiy1 = Ahy + x441 (A.51)

As A is complex diagonalizable, there exists a complex-valued matrix P
and a complex-valued vector A such that

A = Pdiag(A)P~! (A.52)
PiP; =1 Vi. (A.53)

The linear recurrent neural network considered above is equivalent to its
diagonal version

B8 = ARS8 4 Py (A.54)
hy = Phi™8, (A.55)

We now differentiate h; w.r.t. to A using the diagonal parametrization and
obtain

die _omdP  dh dmBoA ok diif" 9p~!
dA ~ OP9A T ypdE dA 0A " gydes dP-T 9A

(A.56)

dsP,d P ! AND d4A CAN BE CONSIDERED CONSTANT. Intuitively,
the eigenvalues and eigenvectors move smoothly as we restricted ourselves
to the case in which eigenvalues are singular. If this is not the case, math
becomes trickier as the eigenvectors are not uniquely defined. We can study
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the behavior of those quantities in more detail, following Boeddeker et al.
[3071:

oA . _1 0A

IA; = diag (P IA; P) (A.57)
dr _1 0A

dA; p (F@ <P IA; P)) (A.58)

The F introduced in the last equation is equal to

1 . . .
T ifi 75]
Fj:=¢ Nh (A.59)
0 otherwise.

Importantly, those two quantities do not grow to infinity as the absolute
value of the eigenvalues goes to 1, which means that we can consider those
derivatives to be independent of |A| for the sake of our analysis. Note that
the previous argument assumes that eigenvalues do not collapse.

d,\hflag IS THE DOMINATING TERM IN d4h;. We wonder which of
the three different terms that appear in d4/; (Equation A.56) will be the
dominating one as |A| (or A) goes to 1. In the previous paragraph, we have
shown that the derivative of P~1, P and A can be considered constant for
the sake of our analysis. We thus focus on the other terms.

First, we have
aht,l _ hdiag
aPi' t,i

]]-j:l (A60)

so the magnitude of this quantity is roughly the one of h?iag, which corre-
sponds to the low pass filtering of the inputs with different A values.
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Second, we know that o dla&ht does not change in magnitude as A changes,

as P remains bounded. So for the third term of the sum, we are left to
study the behavior of dp-1 ht 8. We can show that it evolves according to

dhdlag dhdlag

tH1k tH1k . .
= A + X441, k=1 A.61
de dPl] 1 t+1,j ( )
dlag
dh
t;llk = 0 otherwise. (A.62)
dpP>

)

It follows that the third term in the sum also corresponds to a low pass
filtering of the inputs.

Finally, we know that the second term, the one in d /\hfhag will grow faster
to infinity as it corresponds to two consecutive low pass filters with the
same A values (c.f. calculation above). It will thus be the dominating term
in the infinite memory limit.

A.2.2.4 On the wide-sense stationarity assumption

In our analysis, we make the assumption that the different quantities given
to the network are wide-sense stationary, that is their statistics are invariant
to a temporal shift. In practice, this assumption will likely never be satisfied,
as sequences are finite and as parts of the sequence (e.g., the beginning of a
text) can have different statistics than other parts (e.g., the end of a text).

It should be noted that the analysis we have done in the wide-sense station-
ary case can provide an upper bound on the different quantity we study:.
Indeed, if there exists a function U such that

[Blxnm]| < U(|n —ml), (A.63)

minor modifications to our analysis enable to upper bound the different
quantities we study, replacing R, by U.

In our experiments of Section 3.6, we plug the empirical covariance defined
as
1 T—|A|

empirical L
RX (A) = ]Ex m );) xtXt+‘A‘

(A.64)
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into our analytical expressions. It comes with an approximation as it av-
erages the autocorrelation for all positions, which are not equal when
wide-sense stationarity is not met.

A.2.3  Impact of input normalization and parametrization

In this section, we consider a diagonal linear recurrent neural network of
the form

hiiq = Aw)hs + 7 (A) x4 (A.65)

with (A) the input normalization factor and A parametrized by a vector
w. Next, we study the effect of input normalization and reparametrization,
first in the real-valued setting and then in the complex-valued one.

A.2.3.1 Real case

Let us start with the forward pass: as

he =Y Ay (A)xi_n, (A.66)

n>0

7y rescales the value the hidden state takes. To avoid any explosion behavior,
we thus ideally want 7 to be the inverse of value of [E[(h)?] without nor-
malization, which we have computed in Equation A.34. The same behavior
holds for the backpropagation of errors to the inputs as

dL dL JL

We now move to the impact of the parametrization. To simplify the calcula-
tion, we will ignore the dependency of ¥ on A when differentiating it. This
can easily be done in automatic differentiation software by removing this
dependency from the computational graph with y(stop_gradient(A)). We

then have
dh;  dhy dA

dw — dA dw
and djh; which is rescaled by 7y compared to the calculation we did above.
As a consequence, both the input normalization and the parametrization
can help to mitigate the curse of memory.

(A.68)
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A.2.3.2  On the difficulty of parametrizing complex numbers

We now extend the previous analysis to the complex case, and take a
polar parametrization of A: A(w) = v(w) exp(if(w)). The effect of the input
normalization does not change when moving to complex numbers. The
role of the reparametrization is however a bit more subtle. As I; is an
holomorphic function of A, we have djh; = 0 and

dhy  dhydA  dhy (1dv i dO

It follows that

dne Pl 1 [jame Pl o ode P
E [ o ] = AI]E Ty %exp(w) —|—wa exp(i0) (A.70)
1 [|dmeH] [dv . de
=-E a a + lva (A71)
1 [|dr ] [ av? ,d62

To simplify the analysis, we will further assume that E[|d;/¢|?] is only
a function of v. This asumption holds in the case of p = 0 and p = 1,
c.f. Section A.2.2.2, but not necessarily otherwise. To ensure that that this
quantity does not depend on A, we thus want d,V?E(v) = ©(1) and
v2d,0%E(v) = ©(1). The second means that the angle parametrization
must depend on the value v takes. Let us take the p = 0 example to
get an idea of what the ideal parametrization should be. First, we have

v(A) = V1 —12 so that

2 2
EW) =10 =y = e (A7)

We are left with the differential equation v/ = ®(1 — v?), which is for ex-
ample solved with v = tanh(w, ). Now let us look at the parametrization
of 0. If we ignore the v2 term for simplicity, the approximate differential
equation it needs to solve is d,6 = ©(1 — v?), which can be solved by
0 = stop_gradient(1 — v?)wy. The exact detail of this calculation do not
really matter as this is heavily input distribution dependent. However, the
interesting part here is that the angle parameter must be rescaled by a func-
tion of v. This makes intuitive sense when looking looking at the sharpness
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of the loss around optimality in Figure 3.1.C, but this also makes the loss
even flatter further away from optimality. We will come back to this point
in Section A.3.1.4, showing that in practice, such a parametrization com-
plicates the learning of the 6. Learning complex numbers is thus difficulty,
because of the angle.
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A.3 LINEAR TEACHER-STUDENT TASK

This section is dedicated to detail the theoretical results behind our analysis
of the teacher-student task, present all the details necessary to reproduce
our empirical experiments, and provide additional analysis.

A3.1 1D setting

A.3.1.1  Calculation of the loss

In this toy example, we are interested in learning a simple 1-dimensional
linear recurrent neural network which follows the dynamics

hiy1 = Al + x4 (A.74)

to reproduce the hidden state /i of a teacher with recurrent parameter A*.
Note that we here allow all variables to be complex-valued. We take the
loss to be

1 T
L(AAY) o= 5= Y Ex [ — i ] (A75)
t=1

We assume x to be drawn from a wide-sense stationary distribution so that
we can focus on studying the behavior of one L;(A, A*) := LE, [|ht —hy |2}
to understand the behavior of the full loss L, in the limit of infinitely long

sequences (T — o). Moreover, to further simplify the calculations, we
assume that x is real-valued and that Ry(A) = pl2.

Let us now proceed with the calculation:
* 1 » * 1% Tk 1,k
Lt(A,/\ ) = EIEX [l’ltht -+ ht ht — htht — htht ] (A76)

We have shown in Section A.2.2 that in the limit of t — oo,

-1 pA pA
E, [htht] =1 <1+ T—oh + 1 —P/_\) (A.77)
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Similar derivations hold for the other three terms in the loss. Grouping
them gives the exact value of the loss. We omit the formula as it is not
particularly insightful. In the case of constant inputs (o = 1), we have

2

1] 1 1
Li(A A7) = 5 ‘M 1o (A.78)

2

In the case of i.i.d. inputs (o0 = 0), we have

1 1 1 2
Li(AAY) = = —R _ . A.
HAA7) z(l—wﬂ—wz e[l—M*D (A.79)

This is the loss we plot on Figure 3.1.B and C.

A.3.1.2  Optimal normalization and reparametrization with uncorrelated inputs

Having a simple closed-form solution for the value the loss takes gives us
the possibility to investigate in more detail what an optimal normalization
and parametrization should be. We focus on the case p = 0.

For p = 0, the optimal normalization is (1) = y/1 — |A|2. Given that we
now add an input normalization to the student, we must also add it to the
teacher for the student to be able to fit it. The loss becomes

1/ v(A) v(A") 29(A)y(A7)
Lt:2(1—|A|2+1—|A*|2_Re[ 1— A D (A.80)
e [T s

Next, we parametrize A as A = v(w,)exp(if(wyg)) and seek to find a
parametrization such that, at optimality, E[(dy, /:)?] = 1 and E[(dw,ht)?] =
1. Given that the student perfectly fit the teacher-generated data at optimal-
ity and that the loss we use is the mean-squared error, this corresponds to
having dCZUVLt =1and dﬁ,eLt =1.

DERIVING THE OPTIMAL V PARAMETRIZATION. We now compute the
Hessian of the loss w.r.t. w,. First, we can simplify our calculations by
restricting ourselves to the case § = 6*. The loss becomes
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Differentiating this function a first time, we obtain

dLy _ ()Y (w) )W) (A.83)

dv 1—wvv* (1—wvv*)2 -~

Differentiating it a second time gives

L ()Y (v) 2 () 29 ) (v) (A.84)

dv? 1—vv* (1—vv*)? (1—wvv*)3

Leveraging the fact that

' —v 1" —y(v)? —v?
V) = and = p (A.85)
TV =50y YW= TR
we finally get, when v = v*,
d?L 1
= . A.
dvz (1—-v2)2 (A.86)
Given that we are at optimality, we have
d’L; dh; d?L; dhy / o [dht d?Ly diy p ,d?L
= pr— ]E S — — _
dw? {dwu dn? dwy} viwr) [ dv dn? dv ] Vi) 32
(A.87)

To keep that quantity constant, we thus have to solve the differential equa-
tion
Vi(wy) = (1-v7), (A.88)

which gives v(w,) = tanh(wy ).

DERIVING THE OPTIMAL 6 PARAMETRIZATION. We now move to the
parametrization of 6. We have

AN T | IO O T

For notational convenience, we denote

w(0—6%) == |1 — AA*|> = (1 —vv* cos(8 — 0%))2 4+ v2v*? sin(6 — 6%)2.

(A.90)
We have
dL; . vv*sin(6 —0*) (1 —vv* cos(6 — 0*))a’ (6 — 6%)
a0~ "W >(_ 20— 2(6—0°)2 )
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and
d?L; . vv*cos(6 —0*) _vv*sin(6 — 6%)a’ (6 — 6*)
gz~ ") (_ 20-0) 2 (6 — 67)2
(1 —vv*cos(0 —6*))a” (6 — 6%) (1 —vv* cos(8 — 6%))a’ (6 — 6*)?
+ —2
a(f —0%)2 a6 —0*)3

(A.92)

At optimality (6 = 6* and v = v*), we have «(0) = (1 —v?)?, &/(0) = 0 and
a"(0) = 212, so that

d’L;  v*(1+412)
4602 = (1 —1/2)2 . (A93)

The optimal parametrization thus has to satisfy

0'(wp) = ——, (A9g)

that is

9(&)9) = Wy (A95)

vvV1+v?

There are two things we can remark:

— First, the parametrization that we derived for the general case in Sec-
tion A.2.3.2, which additionally ignored the dependence of  on A, is
relatively accurate. The only difference is the apparition of the extra v
term, which becomes insignificant in the long memory limit v — 1.

— Second, the optimal 6 parametrization has to be a function of v, and
thus wy, so the differential equation v needs to satisfy changes. Yet, this
considerably simplifies the calculation and there is no simple solution
to that problem. One could still argue that the initial choice we made,
that is to use a polar parametrization, is the issue. It could be, but most
practical models end up using that choice so highlighting the limitations
of this choice has important practical consequences.

In the rest of this section, we ignore the dependency of 6 on v, and consider
the optimal parametrization in this setting to be

v(wP) = tanh(w") (A.96)
opt 1-12

_—. A.
A (A.97)

G(wgpt) =w
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A.3.1.3 Visualization of the effect of input normalization and reparametrization

We now visualize the effect of input normalization and reparametrization
on the loss landscape. We focus on two such reparametrizations:

— the one used in the LRU [69, 71] with y(A) = /1 — |A[?,
— exp _ exp
v =-exp(—exp(w, ")) and 6 = exp(w, " ).
— the optimal one we derived in the previous Section (c.f. Equations A.g6
and A.g7), which is tailored to this specific setting.

A.3.1.4 Learning the angle is difficult in practice: an example

We use this one-dimensional teacher-student setting to test whether having
a parametrization that avoids exploding behaviors at optimality, such as the
one we derived in Section A.3.1.2, facilitates learning. Figure A.1 already
hints towards the fact the basin of attraction of the global minima is either
extremely narrow or that their number decreases as longer memories are
considered, making learning more tedious. Figure A.2 confirms it. In this
figure, we plot the learning dynamics obtained using the Adam optimizer
with a learning rate of 10~3 for 50k steps, starting from Ag = 0.99 exp(i7t/4).
We consider three different parametrizations of the angle:

e(wgolar) _ Cl)golar (A.98)

0wy ") = log(wy") (A.99)
_ 42

G(wgpt) = (1—v) (A.100)

-~ ‘1w
vvV1+v?

The first one does not reparametrize the angle, the second one is the one
used in the LRU and the third one is the optimal one we derived above. We
use v = tanh(w, ) to parametrize the magnitude in the three cases. We set
A to A* = 0.99 exp(irr/100). The 6 landscape when v is correct therefore
corresponds to the ones plotted in the last two columns of Figure A.1.
This example shows that efforts to reduce the sharpness of the loss at
optimality, as done in the last parametrization, inevitably make the loss
flatter elsewhere and optimization impossible.
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FIGURE A.1: VISUALIZATION OF THE LOSS LANDSCAPE WITH INPUT NORMALIZATION,
IN THE TEACHER AND THE STUDENT, FOR DIFFERENT PARAMETRIZATIONS. The teacher
satisfies A* = |A*|exp(irr/100), for different |A*| values. The first two columns
correspond to students with correct angle § = 6* but wrong absolute value v
and the last two columns to students with correct absolute value v = |A*| but
wrong angle. When we fix one variable, we ignore how it affects the loss for the
Hessian caclulation. Each line corresponds to a different parametrization: the first
line uses a polar parametrization (A = vexp(if))), the second line uses the double
exponential parametrization used in the LRU (exp) and the third one is the optimal
parametrization for that task (tanh). Overall, both reparametrizations enable to
control the explosion of the Hessian. However, the size of basins of attraction
around optimality, or their number, shrinks as |A*| goes to 1 for the angle, but not
for the absolute value, highlighting how difficult learning the angle can be.

A.3.2  Structure of the Hessian at optimality

In Section 3.5, we argue that the Hessian at optimality is an important
object to understand the learning dynamics in the linear teacher-student
task we consider. We here provide some theoretical analysis of its structure
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FIGURE A.2: LEARNING THE ANGLE IS DIFFICULT, EVEN IN A SIMPLE ONE-DIMENSIONAL
TAsK. The target A value is equal to A* = 0.99 exp(i7r/100) and is plotted in yellow.
The black lines correspond to the Adam learning dynamics. A. When the angle is not
reparametrized (0 = wy), the loss landscape is extremely sharp in the wjy direction,
but Adam compensates for it. B. When the angle is parametrized exponentially
(6 = exp(wy)), the loss landscape becomes smoother. However, this only hold when
the considered angles are small enough, as the exponential parametrization does
not bring extra granularity elsewhere. C. When reparametrizing the angle to reduce
the gradient explosion as |A| — 1, the loss becomes extremely tricky to navigate.
The parameters are first attracted to a nearby valley, which is flat on the wy direction
and only indirectly connected to the global minimum. Such a reparametrization
thus hinders optimization far away from optimality. See Section A.3.1.4 for more
detail.

in the complex diagonal setting, that is we consider a recurrent network of
the form

hiy1 = A © hy + bxy (A.101)
yr = Re[cTht] + dx;. (A.102)

with A, b and ¢ complex vectors of size n, with n the number of hidden
neurons, and d a scalar. We additionally take the loss to be the mean-square
error, which is also the one we use in our numerical experiments. Note
that, as in our theoretical analysis of Section 3.3, we consider infinitely long
sequences and wide-sense stationary inputs.
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Recall that the Hessian of the loss is equal to

d’L dhy *Ly dhy T Ly d%hy

a2 ~ LB G ae as o, e | (A-103)

At optimality, only the first term remains, as dj,, L; is o for all data points.

Given that we have shown earlier, e.g. in Section A.2.2, that the most
sensitive parameters to learn are the recurrent ones A, we focus on the
Hessian with respect to these parameters in the following.

A.3.2.1  Hessian for complex-valued variables

Before delving into more specific calculations, we make a few remarks on
how to deal the Hessian when having complex-valued parameters. We will
mostly leverage the fact that the loss L is real-valued.

Before that, we recall a few facts about Wirtinger derivatives:

— For f(z) a complex-valued function of z, the Wirtinger derivatives are
defined as:

df _ 1 (dRe[f] .dIm[f]
dz 2 (dRe[z] ldIm[z] (A-104)
df 1 /dRe[f]  .dIm[f]
iz 2 (dRe[z] T dimf] ) (A.105)
— We have L
df _df
= (A.106)
— Leveraging the fact that L is real-valued so that L = L, we have
d’L  d [dL'
2= a1 [d/\ ] (A.107)
d |dL’
=0 ld/_\ 1 (A.108)
2
= de (A.109)
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and, similarly, dyd;L = djd,L. Second derivatives are symmetric, so
we additionally have dyd;L = d;yd,L ", which means that the complex
Hessian is a Hermitian matrix.

Taken all together, this shows that the full complex Hessian, which contains
all cross derivatives, has a similar structure to the real case.

A.3.2.2  Hessian with respect to the recurrent eigenvalues

In this section, we compute the full complex Hessian with respect to the
recurrent eigenvalue A and defer the analysis of reparametrization to the
next section.

First, let us remark that
dL; _ oLy  dhy

O - c s (A.110)
(A.111)
so that
@ — i %TC%T (A.112)
dAZ  dA | dA oy .
) T T 2
_ d?n AL dhy ﬂCT% (A.113)

= 50— +— ¢
dA29y; T dd Ta2 T da

We assumed that we are at optimality so that the network perfectly fits the
target trajectories and dy, Ly = 0. Additionally, L; is the mean-squared error
loss so that aﬁtLt = Id. It follows that

L\ (dr " dm
(d)\2>ij_ <d/’\ o ) (A.114)
)
dh dh
_ [ TER T
—(c d)\)i(c d/\>j (A.115)
- dht,i dht,j
= an, ¢ d)\]" (A.116)

In the last equation, we made use of the fact that the parameter A; only
affects the hidden state /;; and not the others, so d Ajht,i =0ifi #j.
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The previous calculation applied to one sequence, we now take the expecta-
tion over the data:

d’L
m = ( llm

1) O Exy (A.117)

dhy dhy T
o dA dA

Note that we introduced a slight abuse of notation in the previous equation
as d,h; is in general a matrix. However, given that the hidden neurons are
independent here due to the diagonal connectivity, it is effectively a vector,
and we treat it that way. Let us now compute the expectation, using similar
calculation techniques to the one we used in Section A.2.2:

dhy;dhy; | n—1 m—1
Eyy tlim d/\id—/\j = n%OnAi bzx,nm/\j bix—m (A.118)
=bbjE| ), n/\?lx_nm/\}"lx_m] (A.119)
n,m>0
=bib; Y nm/\?*l)x}"*le(n—m) (A.120)

n,m>0

We can now remark that this quantity is very similar to the one we have
encountered in Section A.2.2, up to the presence of ;b;, and can be simpli-
fied using Lemma 2. For conciseness, we note S(A;, A;) the right-hand side
of the last equation without the b;b; factor. Putting this result back in the
Hessian, we get

d’L

d/\id)\ = bibjciciS(Ai, Aj) (A.121)

(2801

To gain further intuition of the behavior of this quantity, we take Ry(A) =
0!2l, p being a real number. A similar calculation to the one we did in
Section A.2.2 gives

1
(1= AiAj)3(1 = pA;)2(1 — pA;j)? <(1 —p)(1+Aid)
(1= A +p(1 = p)Midj(pAA (1 -+ Aidy) =24 = 24y)) . (A122)

S(Az/A])

Given the complexity of this formula, we visualize the magnitude of
S(Ai,Aj) on Figure A.3. Interestingly, we observe this quantity is large
when A; and A; are conjugate to each other and inputs are uncorrelated.
However, as elements in the input sequence get more correlated (o — 1),
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this effect disappears and |S| increases as one of the two eigenvalue gets
closer to 1 in the complex plane. In both cases, the effect gets amplified as
the magnitude of the eigenvalue increases.

p=00 p=09 p=0.99 p=0.999 p=1.0
10°
1 1 1 1 1
./lo ./10 .AU ./10 0/1“ 100 =
= T
= 3
g0 0 0 0 0 0 3
’ 21
-1 -1 -1 -1 -1 107t
-1 0 1 -1 o0 1 -1 0 1 -1 o0 1 -1 o0 1
Re[A] Re[A] Re[A] Re[A] Re[A]

FIGURE A.3: VISUALIZATION OF A — |S(A, Ag)| FOR Ag = 0.99 exp(irr/4). This term
measures how "similar" eigenvalues are in the Hessian. When p = 0, eigenvalues
are mostly "similar" when they are conjugate to each other. As p increases, this effect
decreases and eigenvalues become more "similar” if one of them gets close to 1.

We also need to compute dyd,L to get the full complex Hessian. Similarly
to the previous calculation, we first have

dLy dL; dL; oLy - dhy

_——— = — = — —_— A.

dA _ dA  dA oy - dA (A.123)
It follows that
dZL dht] dht i

= Leici— A.
dAdx [d/\j G, (A-124)
= CiC_jb,‘E]'S()\i, /_\]) (A.125)

Using the symmetry with the complex Hessian matrix, we now have all its
components.

A.3.2.3 Hessian for different parametrizations

So far, we have computed the complex Hessian, which is not of direct use
as we end up optimizing real numbers in practice. Here, we study the
impact of different parametrizations of A on the Hessian. Given that this
parametrization only affects A and not the other parameters in the network
and that we only consider the Hessian at optimality here, computing the
Hessian of those parameters reduces to left and right multiplying the
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Hessian by derivatives of A and A with respect to these parameters. For
future reference, we introduce

d’L d’L
dAdA;  dadR; | ( Aij  Bjj )

_diL _d’L B. A..
dhdy; dAd; Bij Ajj.

Hl-)]‘. = (A.126)

with Al] = blb]ClC]S()\l, )t]) and Bl] = blE]CIC_]S(Al,)_\)

REAL-IMAGINARY PARAMETRIZATION: A = Wye + Wijypm. We aim at
computing the matrix

d2L d?L
do—do—:  doo.dw—
HZ'I]{'I = CUrZ;Z Lwre,j (Aire(;{ZLwlm,] , (A127)

dwim,i dwre,j dwim,i dwim,j

which is the building block to compute the full Hessian. First, let us remark

that de,;Ai = 1/2, dwre,i)_\i = 1/2, dwy,;Ai = i/2 and dwim,i}\i = —i/2. It
follows that
&L = (dw. A; do. ADHMdw. A dw AT A.128
dwre,idwre,j _( Wre,j / Wre,j ]) 1]( Wre,i i Wre,i i) ( '12)
= %(1 DHj(1 )" (A.129)
1
=5 (Re[Ajj] +Re[By]) . (A.130)

Once again we emphasize that the first line only holds as we are at optimal-
ity. Similar calculations give the rest of the elements of H}}I:

HR.— 1 Re[Ai]' + B,‘]‘] Im[—Ai]' + Bij] ‘ (A131)
g 2 Im[—Aij — Bi]'} Re[—Ai]‘ + Bi]'].

Given the intuition we gained on the structure of S previously, and the fact
that A;; o< S(A;,A;) and Bj; o S(A;, A;), we know that this block will have
large components if the two corresponding eigenvalues are conjugate of

each other or aligned to each other, or if one of them is close to 1.

One other quantity that we can calculate is the trace of the Hessian HY!,
which is equal to the sum of its eigenvalues. Note that this does not
correspond to the eigenvalues of the full Hessian matrix, as it additionally
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contains entries for other parameters. Yet it already provides some idea of
how large the Hessian will be, as the value of this trace appears in the value
of the full trace. We have

Tr[HN] = Z% (Re[Aj; + Bjj] + Re[—A;; + Bii]) (A.132)
= ZRe[Bii] (A.133)
= Z |bi[?|ei*S(Ai, Ai) (A.134)

where we used that S(A;, A;) is real-valued in the last line. As a side note,
this formula partly justifies why studying the expected squared magnitude
of d)h; in Section 3.3 makes general sense, as

E

dhy ;
de

2
] = [bi*S(As, As). (A.135)

MAGNITUDE-ANGLE PARAMETRIZATION: A = v(wy ) exp(if(wy)).
The calculations for this parametrization are similar to the previous one,
with the following differences:

dA vV(wy) exp(iB(wp))

dor _ > (A.136)
d}\ ! v _6

o _ v (w )expz( i6(wsp)) (A.137)
dA iv(wy)0' (wy) exp(iB(wy))

don = 5 (A.138)
dd _ iv(wy)0'(wy) exp(=if(wp)) (A.139)

dCUQ 2
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After some calculations we obtain

&L V' (wy, )V (wy,)
_ , , A.
dw, ; dw,; 2 e
Re] ol (0(wg;)+0(cwg ) Aij+ ot (0(wp,i)—0(wp ) Byj]
2 V(wy ) )v(w, ;)0 (we ;
d<L _ ( v,z) ( v,]) ( 9/]) (A.141)
dww- dCUQ,j 2
_Im[_ei(e(we,,-)w(wg,j)Ai], I ei(G(ws,i)—9(we/j))Bij]
2 v(wy, )0 (w )V (w,y i
d’L _ (@wy,1)0" (wg,i )V (wy) (A.142)
da)g,i d(,dl/,j 2

. Im[_ei(a(we,i)*ﬂwe,j)Ai]. + ef(f)(wa,i)*@(we/j))Bij]

v(we,;)0' (we,i)v(we,;)0' (we,j)

= 2 (A.143)
: Re[_ei(e(we,iH@(wa,j)Aij 4 ei(0(wei)—0(we)) B

d?L
da)g/i dw(gl j

i

A.3.3  Experimental details

We use the linear RNN architecture defined in Appendix A.1.1 as teacher
and implement our experiments in JAX [308], using the default Flax [309]
implementation of RNNs and the LRU implementation of Zucchet, Meier
& Schug [310]. Code is available here.

We initialize RNNs in the same way we initialized the teacher, and initial-
ize the eigenvalues of the LRU and other complex-valued networks with
magnitude in [vp, 1] and angle within [—6, 6].

Given that we are interested in the optimization properties of the different
architectures, we only report training losses and do not perform any cross
validation.

Here are additional details related to the different figures:
— Figure 3.3: see Tables A.1 and A.2.

— Figure 3.4 and A.4: for panels A and B, we use vy = 0.99 and draw A in
a slightly different manner to the one described above (we directly draw
the eigenvalues and eigenvectors so that we have two pairs of complex
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eigenvalues). We use automatic differentiation to compute the Hessian.
For panels C and D, we use the same setup as described in Table A.2,
but keep the learning rate constant over the course of learning. We
report the effective learning rate at the end of learning.

— Figure A.5: for panels A, B and C, we draw the magnitude and angle of
10 A values independently, uniformly in [vp, 1?0] and [—6p, 6p]. Impor-
tantly, this means that there are no conjugate pairs, which leads to more
diagonal Hessian matrices at optimality than in Figure 3.4. For panel D,

see Table A.3.

— Figure A.6: same setup as for Figure 3.3.

As a rule of thumb, each LRU (or complex-valued diagonal network) ex-
periment takes 3 minutes on a consumer-scale GPU (NVIDIA GeForce RTX
3070) and each RNN experiment takes 10 minutes on a CPU. The scans
behind the results reported in the different figures require on the order of
few hundreds run each. Including our preliminary explorations, the results
we report in this section required 30 days of compute, one third of it on
GPUs and two thirds on CPUs.

A.3.4 Additional analyses

A.3.4.1  Structure of the loss landscape for LRUs and Sq

In the main text, we only provide an analysis of the loss landscape for the
fully connected linear recurrent neural network and its complex-valued
diagonal counterpart. We here complete this result by performing the same
analysis for the LRU and S4. Given that 5S4 involves some form of parameter
sharing between the magnitude and the angle of the recurrence complex
eigenvalues through A, which is required to avoid the explosion of the
angle gradients, we are particularly interested in observing whether it fully
mitigates or not the gradient explosion effect. The results of Figure A.4.B
and D do not reveal such benefits: the loss landscape does not have high
curvature on the wf}f‘ direction, but it is moved in the w, direction. We
haven’t investigated whether qualitative changes arise when changing the
input distribution.
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RNN LRU
Batch size 128
Sequence length 300
Hidden neurons (teacher) 10
Input / output dimension 1
Vo {0.32,0.68,0.84,0.92,0.96,0.98,0.99}
90 7T
Hidden neurons (student) 64

log learning rate

Optimizer (schedule)

[-5,—45,—4,-35,-3,-25] [-25,-2,-1.5,—1,—0.5]

Adam (cosine)

Initialization [vo teacher, vy = 0] vp teacher
Number iterations 10k
Seeds 10
TABLE A.1: EXPERIMENTAL DETAILS FOR FIGURE 3.3.A. We use [- - - ] to denote hyperpa-

rameters that were scanned over with grid search and {- - - } to denote the variables
of interest for the figure. We chose the learning rates for the two architectures on
preliminary scans and verified that non of the extreme learning rates were optimal
in the final scan. For the RNN, we found that initializing with vy = 0 gave better
results than initializing with the same distribution the teacher has, so we included

this choice in the scan.
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RNN / BLock DIAG. RNN CoMPLEX DIAG. RNN / LRU

Batch size 128
Sequence length 300
Hidden neurons (teacher) 10
Input / output dimension 1
v 0.99
90 7T
Hidden neurons (student) 64 / 64 and 128 64
log learning rate [-5,—4.5,—4,—-3.5,—3,—-2.5] [-2.5,—-2,—-1.5,—1,—0.5]
Optimizer (schedule) Adam (cosine)
Initialization [vo teacher, vy = 0] v teacher
Number iterations 10k
Seeds 10
TaBLE A.2: EXPERIMENTAL DETAILS FOR FIGURE 3.3.B. We use [- - - ] to denote hyperpa-

rameters that were scanned over with grid search and {- - - } to denote the variables
of interest for the figure. We chose the learning rates for the two architecture types
on preliminary scans and verified that non of the extreme learning rates were
optimal in the final scan. For the RNN, we found that initializing with vy = 0 gave
better results than initializing with the same distribution the teacher has, so we
included this choice in the scan. For the RNNs, we used 64 neurons for the "RNN"
entry, 64 for the "block diagonal" one, and 128 for the "more neurons" one.
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RNN CompPLEX DIAG. RNN / LRU
Batch size 128
Sequence length 300
Hidden neurons (teacher) 10
Input / output dimension 1
Vo 0.99
log(6o/ ) {-2,-15,-1,-05,0}
Hidden neurons (student) 64
log learning rate [-4.5,—4,-3.5,-3] [-35,-3,--+,—05,0]
Optimizer (schedule) Adam (cosine)
Initialization [vo teacher, vy = 0] + 6 teacher Vo teacher + 0y teacher
Number iterations 10k
Seeds 10
TaBLE A.3: EXPERIMENTAL DETAILS FOR FIGURE A.5. We use [- - - | to denote hyperpa-

rameters that were scanned over with grid search and {- - - } to denote the variables
of interest for the figure. We chose the learning rates for the two architectures on
preliminary scans and verified that non of the extreme learning rates were optimal
in the final scan. For the RNN, we found that initializing with vy = 0 gave better
results than initializing with the same distribution the teacher has, so we included
this choice in the scan.

177



178

—

T T T 1077 T T T

0 10 20 30 0 10 20 30
Index eigenvalue Index eigenvalue

BIBLIOGRAPHY
A w, wg w, BeBM™CeCmD B  w§ )] ws BeB™CeCmD
@, n 108 o = 10°
o ol " " 103 wp "a 103 C LA & A
[ -3
§ “'mim 100 o [n"n = 100 % 10 ;
] re re X
5 B " 0 B 0 fzj 10 =
T Bim " 7100 Bim _100 g 1.
re re 5 10 H
o u g . e © "= 5 -0 8 :
cmi_M cm 1 L
> u 106 s ] —106 w, wp w, BeBmCeCm D
ot -~ 1 - 1 D A
2> o 0 xlo*u'—"zi’t'
S5 - B 0 E E B - R BRI
Lo | . v LI ) FI g P
] -1 -1 ERPPRIE I I S
g NIEE
s 107 107 2 %
3 & 10547 & %
2 10° 10° : .
)
m 1077 -

@3 W @s B B™CeCm D

FIGURE A.4: EQUIVALENT OF FIGURE 3.4 FOR THE LRU (A, C) anD S4 (B, D). In
the LRU, the exponential parametrization of the magnitude v = exp(—exp(wy))
efficiently mitigates the Hessian explosion but not the one of the angle 8 = exp(wy),
consistently with the theoretical and empirical evidence we have accumulated so
far. In B, A is set to 0.01 in the S4 architecture. Setting it to 1 (not plotted here) leads
to an Hessian at optimality that has large entries on all recurrent parameters w'y,
wff‘“ and w,, similarly to the behavior we observed for the complex diagonal RNN
studied in the main text. For panel D, we initialized A at 1 given that this is the
initialization that yielded best performance. We note that we didn’t find qualitative
changes in this plot when changing the initialization scheme of S4.

A.3.4.2 Concentrating eigenvalue distributions

The goal of this experiment is to better understand how the concentration of
eigenvalues A affect the learning dynamics. For fully connected RNNS, there
is no reason to expect a major change in behavior. However, it is different
for diagonal RNNs. The theoretical analysis we have done in Section A.3.2
provides us with the following insights. When the elements in the input
sequence are uncorrelated, as it is the case here, the entries in the Hessian
corresponding to two different eigenvalues increase if they are aligned
or conjugate to each other, and if their magnitude is large. We therefore
expect that, as the interval on which the angle of the teacher’s eigenvalues
shrinks (6p — 0), those eigenvalues will be more likely to be "similar"
to each other. This results in large non-diagonal terms, as we confirm in
Figure A.5.A, B and C. The LRU suffers less from this problem thanks to its
reparametrization, which reduces the overall magnitude of Hessian entries
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related to the magnitude, and partly the one of angle parameters (when it
is a small positive number). As a consequence, the performance between
these two architectures increases as 8y — 0, as seen on Figure A.5.D.

A 6o=m/100 B 6o=m/10 C Go=m
e aim e 2 2 Am
108 108 104
e 104 e 103 e : 102
‘§ 100 100 100
8 0 0 0
T -10° -10° _100
am _108 AT _108 A" i e
—108 —-108 —104
. 1 n 1 n 1
e n
g | & E . 3
g; u 0 [ ] ) = 0 [ r 0
Qg n " ' | i
-1 -1 " -1
10°
s 106 104
© 3 5
T 10 10 3
g 10 10
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w 0 10 0 10 0 10
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107!
—— RNN
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10 ~4— Complex RNN
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10-5 T_H/*’J

Index eigenvalue

Loss

1072 1071 10°
6o

FIGURE A.5: CONCENTRATING EIGENVALUES MAKE THE HESSIAN LESS DIAGONAL
(6p — 0) AND CONSEQUENTLY INCREASES THE GAP BETWEEN THE LRU AND THE
COMPLEX-VALUED DIAGONAL RNN. A, B, C. Hessian of the loss with respect to the A
parameters in the complex-valued diagonal RNN. The Hessian is computed through
the theoretical formula of Equation A.131; computing it numerically marginally
affects the results. Consistently with the intuition we developed in Section A.3.2,
concentrating the eigenvalues affect the structure of the loss landscape. It makes
the Hessian at optimality less diagonal and Adam cannot efficiently compensate it.
The LRU does not suffer as much from this problem, and the gap between the two
architecture widens as 6y — 0.
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A.3.4.3 Impact of the number of heads in fully connected linear recurrent networks

In Figure 3.3, we have shown that constraining the connectivity matrix
to be block diagonal with blocks of size 2 x 2 lead to a critical boost
in performance. Further analysis revealed that this arises as the Hessian
becomes more diagonal and Adam can thus better compensate for gradients
explosion. Here, we study this behavior in more detail by interpolating
between the fully connected case and the block diagonal one. This can
be achieved by increasing the number of independent heads from 1 (fully
connected case) to 32 (2 x 2 block-diagonal connectivity matrix, as we have
64 hidden neurons). In particular, we are interested in understanding how
big heads can be while keeping this performance boost. We plot the final
performance, as well as the evolution of the effective learning rate for the
A matrix over the course of learning on Figure A.6. We find that slightly
bigger heads, until 4 x 4 (which corresponds to 16 heads), yield similar
benefits. Additionally, the learning rate analysis reveals that the adaptive
learning rates of Adam can more selectively compensate for potential
gradient explosion cases as the number of heads increases, allowing for
bigger learning rates overall and better performance.

A 1004, B

Loss

F
o
i
Effective LR (A)
=
o
&
= 0o AN
()]

1 2 4 8 16 32 0 50 100 32
Number of heads Epoch
FIGURE A.6: Evolution of the performance (A) and effective learning rates for the A
connectivity matrix (B) of a linear recurrent neural network as we vary the number
of heads, keeping the overall number of hidden neurons fixed. It should be noted

that increasing the number of heads decrease the total number of parameters, as
the matrix A gets sparser.
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A.4 SIGNAL PROPAGATION IN RANDOMLY INITIALIZED DEEP RECUR-
RENT NEURAL NETWORKS

A.4.1  Experimental setup

We detail the experimental setup used in Section 3.6. We select the first
512 tokens from 1024 random sequences in the Wikipedia dataset [311]
and pass them through the BERT [22] tokenizer and embedding layer. This
yields a dataset of 1024 examples with length 512 and feature dimension
724. Figure A.7 shows the autocorrelation function of these inputs, revealing
that the i.i.d. assumption serves (o = 0) as a good first order approximation.
This validates the relevance of our toy experiments for studying signal
propagation in more realistic settings. To refine this approximation, we can
include a high correlation term (p close to 1).

1071 4

10-2 | y=0.084%0997"

Autocorrelation

1073 4

0 200 400

FIGURE A.7: THE EMPIRICAL AUTOCORRELATION FUNCTION (AVERAGED OVER FEATURE
DIMENSIONS) OF THE BERT EMBEDDINGS USED IN SECTION 3.6 CAN BE APPROXIMATED
AS A SUM OF TWO EXPONENTIALLY DECAYING FUNCTIONS. The blue line represents
the autocorrelation function R ¥ 11rmal(A) of the BERT embeddings of the Wikipedia
dataset. As a first approximation, it is equal to R,ecmpmcal(A) ~ 0.37605—¢. For a
more refined approximation, we perform a linear regression of the log autocorrela-
tion against A, shown by the black line. This yields the following approximation:

RSP (A) & 0332650 + 0.044 x 0.9972.

We examine realistic networks comprising 4 blocks with the following
structure: a recurrent layer, a non-linearity, a gated linear unit [204, GLU]
and a skip connection. By default, we omit normalization layers, but when
included, as in Figure 3.5.C, we place one normalization layer before the
recurrent layer and another one before the GLU. All the layers involved
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contain 256 neurons. We also incorporate a linear encoder at the beginning
of the network and a linear decoder at its end.

The loss that we use is a next-token mean-squared error, defined as

1,
Ly = Eth(xl:tfl) - Xt||2 (A.144)

where £;(x1._1) represents the prediction of the network. Figure 3.5 reports
the average squared value of the hidden state or the gradient. This average
is computed over sequences, but also over all neurons / parameters and
over all time steps. We compute gradients using batches of size 8.

In Figure 3.5 we vary 1, which controls the magnitude of the eigenvalues
of the recurrent Jacobian. Specifically, we sample those magnitudes in the
interval [vg, (1 + vp)/2]. For the complex-valued diagonal RNN and the
LRU, we apply the LRU initialization. For the LSTM, we use the Chrono
initialization proposed by Tallec & Ollivier [184]: it initializes the forget
gate biases such that, when the input x and the hidden state / are equal to
o, the time constant associated to f is uniformly sampled from [ﬁ, ﬁ]
and the input gate i is equal to 1 — f.

While Figure 3.5.B presents aggregated gradients over layers, Figure A.8
offers a layer-wise version of this analysis. It reveals that the layer index does
not significantly impact gradient magnitude. Surpisingly, given that the
hidden states of the complex RNN gets larger with depth (c.f. Figure 3.5.A),
this result might seem unexpected for cRNNs. We can attribute this to the
backpropagated error signals also being amplified during the backward
pass, as discussed in Section 3.3.2. In the first layers, hidden states are small
and errors are large, while in the in last layers, errors are small and hidden
states are large. Consequently, the gradient magnitude remains relatively
constant accross layers. For the GRU, the gradient magnitude reported in
Figure 3.5 for the non-GRU parameters included the linear encoder and
decoder. As the encoder gradients are the dominating ones, this explains
why the gradient magnitude for the non-GRU parameters is smaller in the
layer-wise analysis.
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FIGURE A.8: GRADIENT MAGNITUDES ARE INDEPENDENT OF THE LAYER. This figure
presents similar plots to Figure 3.5.B, except that parameters from different layers
are no longer aggregated together. Instead, each parameter group of each layer has
its own line. The indices in the legend correspond to layer indices.

A.4.2  Can gated RNNs be considered diagonal?

In Section 3.4.2, we argued that the diagonal linear setting we focused our
theory on can be a decent proxy for more general gated RNNs, whose A
values can depend on both the inputs x and the hidden state /. Here, we
assess whether this holds true at initialization. To that end, we study how

the Jacobian dﬁfljf of a GRU evolves as A grows. For the linear diagonal
regime to be a good proxy, two necessary conditions must be met: First,
all the non-diagonal terms should be negligible compared to the diagonal
ones. Second, the diagonal terms should decay similarly as if their A values
were independent of x and h.

In Figure A.g9, we report the evolution of all the diagonal terms of this
Jacobian and a random subset of the non-diagonal ones. Our findigns indi-
cate that the non-diagonal terms are much smaller than the diagonal ones
under the standard initialization, supporting the first necessary condition.
Additionally, input and hidden state-dependent gates do not qualitatively
change the decay of the diagonal terms, particularly when the network is
initialized with A values close to 1 (which correspond to large time con-
stants). Furthermore, we find that increasing the strength of all the hidden
state to gate connections (Wy,,, Wy, Wj,;) breaks the diagonal-like behavior
and eventually leads to exploding Jacobians. However, this only occurs at
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values that are much larger (3 times more in this case) than the default
initialization of these weights (orthogonal initialization).

In conclusion, those results confirm that the theoretical setting we have
considered in this paper is a good proxy for studying signal propagation in
realistic recurrent networks. While we have focused our analysis on GRUs,
we expect these results to hold for other architectures such as LSTMs,
Mamba, or Hawk. For the last two, given that the different gates only
depend on the input, we expect the matching with our theory to be even
stronger (c.f. Figure A.9.C 03, = 0, which captures this regime).

A.4.3  Does our theory apply to gated RNNs?

Having established that gated RNNs behave similarly to the linear diagonal
RNNSs considered in our theoretical investigation, a question arises: How
well can our theory describe signal propagation in gated RNNs on realistic
data? To address this, we study a simplified version of the GRU network
(similar to the one studied by Chen, Pennington & Schoenholz [198]), which
incorporates a realistic gating mechanism:

frr1 = c(Werxer1 + Wephe + by) (A.145)
hiv1 = fr1 ©Ohe + (1 — fiy1) © Xp4q. (A.146)

As in the rest of this section, we provide BERT embeddings of sentences
from the Wikipedia dataset as inputs.

To apply our theory to this architecture, we must address two main chal-
lenges:

1. The gate f;11 depends on both 71 and x;, making it non-constant.
Based on our empirical results from the previous section, we reasonably
approximate f;1 ~ o(by) =: A, ignoring this dependency.

2. Our theoretical derivations have overlooked cases where the recur-
rence strength A normalizes the input x;. When considered, we de-
tached the normalization factor from the computational graph (as in
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Section A.2.3.2). However, we can extend our calculations from Sec-
tion A.2.2 to accommodate this setting:

_ (1-a)1-p)
f(a,B) '_1—rx/3< +Z A4+ BMR ))

A>1
(A.147)
E[h7] = f(A,A) (A.148)
o \?|  9%f(w, B)
o (5] T N

Note that we obtain ]E[( £)?] by multiplying lE[(a—f) | by ¢’ (bf)z.
f

With these adjustments in place, we can now empirically test our theoretical
predictions. For simplicity, we approximate the auto-correlation function Ry
(blue line in Figure A.7) as Ry(A) a2 0.33265—¢ + 0.044 x 0.9972. Figure A.10
presents our results, which reveal:

* An almost perfect match between theory and practice for constant gates,
confirming that our sample size is large enough.

* A very precise, though not perfect, match for context-dependent gates.

¢ The variance of /; and aht shows minimal dependence on A, indicating

that the magnitude of error signals received by by, Wy, and Wy, are
largely independent of the time constants encoded in the network.
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FIGURE A.9: GRUs BEHAVE LIKE DIAGONAL LINEAR NETWORKS. This figure illustrates
the evolution of the recurrent Jacobian gZA of a GRU, when provided with the BERT
embeddings of a sentence extracted from the Wikipedia dataset. A. In the first row,
we take the forget gates to be independent of x and / and we sample them with the
Chrono initialization [184] for different intervals. The resulting network is linear and
diagonal, similar to what we have studied in the theory. These plots therefore serve
as visual reference for comparison with the realistic case. B. The second row shows
the same plots as the previous row, except that the gates are now dependent on
the inputs x and on the hidden states &. As mentioned in A.1.4, we initialize all the
linear layers taking x as input with LeCun initialization and the layers taking & as
input with orthogonal initialization. The recurrent Jacobian evolves similarly than in
the constant case, particularly on slowly decaying dimensions (large T values). C. In
the row, we aim to break the diagonality of the model by increasing the strength o,
of the hidden state to gate connections, for T € [1,16]. The case 0j, = 0 corresponds
to gates that only depend on x, similar to architectures like Mamba or Hawk. The
plot with ¢, = 1 is the same as the middle one in B. For 0;, = 3 and higher, the
diagonality progressively breaks and the recurrent Jacobian eventually explodes.
We note that these plots were obtained from a single example. Yet, we have found
the behavior we report here to be typical of the general behavior.
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FIGURE A.10: THE THEORY DEVELOPED FOR LINEAR DIAGONAL RECURRENT NETWORKS
CAPTURES SIGNAL PROPAGATION WITHIN GATED RECURRENT NEURAL NETWORKS. The
different samples were obtained as follows: 100 different randomly initialized
networks are given a different input sequence of length 512. The biases of the forget
gates by are initialized with Chrono initialization for T € [1,256]. For each of these
models / sequences, we measure h§12,i and dj, héu,i (i being the index of one of
the 256 hidden neurons). We report this measurement as a function of the time
constant T encoded by the neuron (A = T/1 + T). The empirical mean is obtained

with a kernel regression with the Gaussian kernel K(a,b) := exp(—(a — b)?/100).

The theoretical prediction comes from the approach described in Section A.4.3.
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ONLINE LEARNING OF LONG-RANGE DEPENDENCIES

B.1 NETWORK ARCHITECTURE AND ALGORITHM
B.1.1  The linear recurrent unit (LRU)

In Section 4.2.2, we used a simplified version of the LRU for brevity. Here,
we review the more detailed formulation of Orvieto ef al. [69]. The LRU is
defined as follows:

ht+1 =AOh+7©Bx; (B.1)
yt = Re[Chy] + Dx;. (B.2)

The only difference with Equation 4.1 is the inclusion of the normalization
factor v € RN. Its purpose is to ensure that all units maintain a comparable
magnitude. Without normalization, hidden states whose A is close to 1 can
blow up. We initialize ¢ with

7=/1- A2 (B.3)

and later update it with our learning algorithm.

We use an exponential parametrization for A:
A := exp(— exp(v1°8) + i exp(6'°8)). (B.4)

This parametrization ensures that the norm of A, equal to exp(— exp(v'°8)),
remains below 1, guaranteeing stability of the network dynamics. This
feature provides an advantage to the LRU compared to the linear RNN, as
observed in Section 4.4.2. By representing 0 as exp(6'°8), we achieve finer
tuning of # around o. In the following, we focus on computing gradients
with respect to A. However, in our simulations, we derive the update for
v1°8 and 61°% from these gradients through the chain rule and apply them to
update the corresponding parameters. Similarly, we optimize the logarithm
of 7.
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B.1.2 Complete derivation of our algorithm

We provide a more detailed derivation of our online learning rule for a
single layer of LRUs, as described in Section 4.3.1. Recall that we define s; to
be the non-zero terms of the sensitivity dgh; of the state /; with respect to
the parameters 6, with 6 = {A,y, B} the parameters of the LRU impacting
the recurrent dynamics. We show that the sensitivities evolve according to

st =A@s +hy (B.5)
${1 =A©s! + Bxiq (B.6)
stp1 = diag(A)s] +7x/ (B.7)

and that gradient-following parameter updates can be calculated through

T

A« Y 5 Os (B.8)
t=1
T

Ay o Y Rels; ®s]] (B.9)
t=1
T

AB « Y~ diag(d;)s?, (B.10)
t=1

with §; = dj, Lt. These updates are the ones used in our simulations. We
now derive the updates per coordinate, and the vectorized form can be
straightforwardly obtained from there.

Update for A. We have

dhr:  d
Sth1i = d):- L = . (i) +0 = Ajspy + hy . (B.11)

The first equality uses the definition of s;\H, the second the recurrent update
of h; as in Equation B.1 and the fact that vy © Bx;;1 does not depend on A,
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and the third is the complex product rule. The gradient of the loss with
respect to A; is then equal to

dL. & dL; diy

- el B,
d\ ~ A& dhy dn, (B.12)
T
st dh;
(B.13)
; dhy; dA; 3
T
= (st,isfti' (B.14)
t=1

In the first line, we applied forward-mode complex differentiation (com-
bined with h; being a holomorphic function of A) as in Equation 4.5. In the
second, we used that /; is independent of A; for i # j.

Update for . The derivation for the recurrent update of s7 being very
similar to the one for A, we omit it. The fact that -y is a real variable does
not change anything in this derivation. However, this makes the gradient
computation slightly different. One can act as if ¥ was a complex variable
7€ and get

5t S (BIS)
d,)/l t:Zi 190t
Now, looking at the real part of the previous equation, we have
dL g
3= = 2) Relés)]. (B.16)
Tiooo=

Note that the factor 2 will also indirectly appear in the update of A, although
it is not yet there in the gradient, as we have a real derivative here, while it
is a complex one above.

Update for B. We have

dhip1;  d

dhy;
B _ _ ti
Sti1ji = dB; _ dB; [Ajhej+viBjixey1i] = /\jﬁﬁ + X410 (B.17)

and

d : tZ: 5t,]5t,]1 (B.18)
Note that the update for s? is more general than the one of Equation 4.6 in
the main text in which y = 1.
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B.2 EXPERIMENTAL DETAILS

We base our implementation on the S5 [68] code base’. All networks are
trained with the AdamW optimizer, with a linear learning rate warm-up,
followed by a one-cycle cosine learning rate decay. Following common
practice, we do not apply weight decay for A, 7, and use a smaller learning
rate for those parameters (global learning rate times a learning rate factor).
By default, we initialize A uniformly at random in the complex disk and 6
uniformly at random in [0, 271].

B.2.1 Copy task experimental details and hyperparameters

We report the hyperparameters we used and scanned over for the copy task
in Tables B.1 and B.2. In Section 4.4.1, we take the default configuration
reported in the LRU paper [69] for backpropagation-through-time and
apply it to the different methods we consider. We use 25 epochs, with a
linear warmup of 5 epochs. We tuned the learning rate for each method
independently in the comparison of Figure 4.3.E and F and in the one of
Table 4.1. For the 1-layer GRU architecture, following Menick et al. [158], we
add an extra readout layer: a 1-hidden layer MLP with hidden dimension
1072 processes the hidden state to generate the output.

B.2.2 Experimental details and hyperparameters for LRA experiments

For all experiments, we first ran a manual coarse-grained hyperparameter
tuning to identify the most important parameters, and then ran the grid
search described in Table B.3. The final hyperparameters were each evalu-
ated on 3 fresh seeds for the results reported in Table 4.2. The training time
for our online learning rule on a single Nvidia RTX3090 GPU for sCIFAR,
IMDB and ListOps was respectively 36, 10 and 40 hours.

For the comparison with linear RNNs, we kept the number N of hidden
neurons fixed compared to the one used the LRU (c.f. Table B.3), but
changed the model size H to 294 in order to obtain the same number of

1 https://github.com/lindermanlab/S5
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Hyperparameter F16.4.3.A/B F1G6.4.3.C/D F1G6.4.3.E/F
Learning rule Ours Ours {Ours, Spat., Trunc., BP}
Pattern length 20 20 20
Padding 7 7 7
Training samples 20000 20000 20000
Number of layers {1,2,3,4} 4 4
Recurrent state size N 64 64 64
Model size H 128 128 128
[Amin | 0 {0,0.5,0.75,0.9} 0
Epochs 25 25 25
Warmup 0 0 0
Batch-size 50 50 50
Base learning rate 1073 2x1073 2001231703
Learning rate factor 0.5 0.5 0.5
Dropout probability 0.1 0.1 0.1
Weight-decay 0 0 0
TaBLE B.1: Hyperparameter configurations for Section 4.4.1. We use [- - - | to denote

hyperparameters that were scanned over with grid search and {- - - } to denote the
variables of interest for the figure.
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Layer LRU Linear RNN GRU GRU
Number layers 4 4 1 4
Pattern length 20 20 20 20
Padding 7 7 7 7
Training samples 20000 20000 20000 20000
GLU Yes Yes No Yes
N 64 64 134 91
H 128 146 134 91
Extra readout No No 1072 No
Number parameters 268,430 267,956 269,488 270,011
Batch-size 20 20 20 20
Base learning rate 20 Al10-3 200 5l10-3 2005193 [0 5l10-3
Learning rate factor 1 1 1 1
Dropout probability 0.1 0.1 0.1 0.1
Weight-decay 0 0 0 0
TasBLE B.2: Hyperparameter configurations for Section 4.4.2. We use [- - -] to denote

hyperparameters that were scanned over.
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Hyperparameter CIFAR IMDB ListOps
Number of layers 4 4 4
Recurrent state size N 128 128 128
Model size H 256 256 256
|A I min 0.9 [0.0,0.9] [0.0,0.9]
|A | max 0.999 1 1
Batch-size 100 32 32
Base learning rate [0.001,0.004] [0.001,0.003] [0.001,0.003]
Learning rate factor 0.5 0.5 0.5
Dropout probability 0.1 0 0.1
Weight-decay [0.1,0.5] 0.05 0.05
Epochs 180 40 35
Warmup 18 4 0

TaBLE B.3: Hyperparameter configurations for sCIFAR, IMDB and LisTOPs experi-
ments. We use [- - - | to denote hyperparameters that were scanned over with grid
search. By default, the {A, v} parameters have no weight decay and have a slower
learning rate (c.f. learning rate factor).

parameters (our Linear RNN has 1,068,086 parameters vs. 1,063,178 for the
LRU). We used the same hyperparameter optimization scheme.






HOW DO LANGUAGE MODELS LEARN FACTS?

C.1 RELATED WORK

c.1.1  Associative memories and factual knowledge of neural networks

Associative memories have been extensively studied in neuroscience. The
foundational experimental work on conditioning by [61] sparked extensive
theoretical research into the computational mechanism underlying associa-
tive memories. This led to breakthrough developments like Hebb’s rule [2]
and Hopfield networks [62, 312], which later proved instrumental in the
emergence of deep learning.

In recent years, as language models have grown increasingly powerful, re-
search has begun examining them through the lens of associative memories.
Our work directly builds on this line of research. [313] first proposed that
masked language models like BERT [22], could encode relational knowl-
edge within their weights. This analysis was subsequently extended to
autoregressive Transformer-based language models: [242] demonstrated
that feed-forward layers act as associative key-value memories, [243] showed
how this stored knowledge could be located and edited, [244, 245] revealed
the functional mechanisms underlying memory recall, and [240] identified
conditions under which these general mechanisms are developed. Beyond
these mechanistic insights, associative memories have provided a frame-
work for evaluating the knowledge capacity of language models. This
includes empirical scaling laws [314] and theoretical analyses [250] which
follow from a long history of capacity analyses of Hopfield networks and
related models [e.g., 315].

While the above research primarily examines parametric memories stored
in network weights, recent years have also seen growing interest in the
in-context associative recall capabilities of sequential modeling networks.
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Notable examples include the induction head in Transformers [260] and
comparative studies showing that the primary difference between attention-
based and attention-free language models can be attributed to their different
in-context associative recall capabilities [289].

c.1.2  Learning dynamics of neural networks

The study of neural network learning dynamics has deep roots in early
connectionist research [e.g., 316—318]. It has been particularly influential
in the early days of deep learning. For example, the seminal work of [59]
provided fundamental insights into the role of depth in neural network
training.

The recent demonstration of in-context learning capabilities in large-scale
models [23] has sparked renewed interest in understanding the underlying
dynamics. A significant contribution to this understanding came from [260],
who established a causal link between the development of induction heads
and a phase transition that enables in-context learning. This mechanistic
understanding has been complemented by research on the influence of
training data distribution on learning trajectories and implemented algo-
rithms. Notably, [273] and [290] revealed how different data distributions
guide networks through distinct algorithmic solutions, either facilitating in-
context learning or not. The generality of these findings was later confirmed
by [254], who reproduced them using a simplified training distribution.

Parallel to these developments, [319] showed that Transformer-based lan-
guage models’ predictions can be effectively approximated by N—gram
statistics, with the optimal N increasing throughout training. Our work
observes similar dynamics during the transition from bigram to trigram
predictions during the plateau phase. However, a key distinction lies in the
level of abstraction: while [319]'s N—gram associations occur directly at the
token level, our work observes these sequential dependencies at a higher
level of abstraction.

Finally, and most related to ours, is the study of factual knowledge acqui-
sition in large language models from Chang et al. [320]. Their key finding
is that factual knowledge acquisition occurs through accumulating small
probability increases when the model encounters the same knowledge, fol-
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lowed by gradual forgetting when not being exposed to it. These results are
consistent with ours, although we find forgetting to be more pronounced,
likely because of larger training distribution shifts. Additionally, while their
findings were obtained by slightly altering the training distribution of a
large language model, our work goes one step further by studying in depth
the impact of training distributions on learning speed.
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C.2 EXPERIMENTAL SETUP

c.2.1 Rationale behind our design choices

Our goal is to identify a synthetic setting, as simple as possible, where a
model exhibits knowledge of its training data (that is a flexible usage of it,
cf. Section 5.2.1, not mere memorization) using mechanisms similar to large
language models. This allows precise control over the data distribution
and increases the likelihood that our findings generalize to large language
models.

We build upon the synthetic biography dataset and analysis of [240], as well
as the mechanistic interpretability studies of [244] and [245]. [244] and [245]
find that pretrained large language models encode individual-specific in-
formation in their residual stream as soon as the name of the individual
is encountered. [240] observe such a behavior when training models on
biographies whose order is permuted every new occurrence, along with
having multiple biographies for “celebrities” (see their Q-probing analysis).
We hypothesize that textual variation within the biography distribution
is key to achieving this behavior. Therefore, our setup ensures unique bi-
ographies by introducing 25 distinct templates per attribute type (see next
section) and permuting their order. Importantly, biographies are resampled
for each new sequence. Figure C.1 demonstrates the critical importance of
random ordering and the need for some textual diversity within individual
biographies. While we have not ablated the total number of templates per
attribute type, we believe that the overall textual diversity of the distribution
is necessary for the learning of robust features. In our experiments, the
individual’s name is repeated in every sentence to facilitate knowledge
development, though we believe later occurrences could be replaced with
pronouns without significantly affecting results, as [240] found the benefits
of full name repetition primarily in the non-permuted and not so diverse
regime.
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FiGUure C.1: (left) Training loss corresponding to the left and middle panels of
Figure 5.2. (right) Ablation study demonstrating the importance of permuting the
presentation order of attributes and the size of the template pool used for generating
biographies. Random permutations are crucial, and some textual diversity is needed.

c.2.2  Details about the biography generation process

Our data generation process largely follows [240], with a few important
differences regarding how templates are generated and manipulated.

Prior to training, we generate a population of individuals, each with a
full name (first, middle, and last) and six attributes: birth place, birth date,
university, major, company, and current location. These are generated as
follows:

¢ FuLL NAME. First and middle names are sampled from a list of goo, and
last names from a list of 1,000, resulting in 810 million potential unique
names. We ensure that each individual has a unique full name. These
names are among the most used worldwide.

* BIRTH PLACE AND CURRENT LOCATION. Sampled from a list of the 8oo
largest cities worldwide. Unlike [240], we do not correlate current loca-
tion with the company.

¢ UnIversITY. Sampled from the 200 largest universities worldwide.
* Major. Sampled from a list of 100 majors.

* CoMPANY. Sampled from the 500 companies with largest valuations.
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* BIRTH DATE. Year, month, and day are sampled independently (between
1900-2100, January-December, and 1-31, respectively). This allows un-
realistic dates (e.g., February 31st), but should not significantly impact
tokenization.

These values are chosen to reasonably approximate the token distribution a
large language model might encounter during pre-training.

For the sake of our analysis, the template generation requires extra care,
as we want all the information needed to predict the attribute value and
as we want to evaluate the model on sentences it has never seen. Such
considerations were not needed in Allen-Zhu & Li [240], so we had to adapt
their setup. In our dataset, templates are generated prior to training with
the assistance of a large language model, using the prompting scheme in
Figure C.2. This yields 25 distinct templates per attribute type. As discussed
in Section 5.2.2, we (manually) ensure that the individual’s name and infor-
mation identifying the attribute type precede the attribute value, allowing a
model with perfect knowledge to achieve zero loss. For each individual, we
pick 20 templates for training and keep 5 for evaluation, ensuring the model
encounters novel template-individual combinations during evaluation, thus
measuring knowledge rather than memorization. Additionally, we intro-
duce special tokens for tags (like name or birth date) in the templates and
replace these tags by the desired content only after tokenization. This way,
we can make sure that, after this manipulation, the tokens coming from
names or attribute values directly appear in the token sequence (e.g. "1990."
will be tokenized as "[1990][.]" and not "[1990.]" as it would usually be).
Such a precaution facilitates analysis as we can be sure that each of the
name or attribute value tokens only contain this information, and not some
unrelated semantic information about the sentence.

Biography generation, for both training and evaluation, is summarized in
Figure 5.1 and involves two steps:

1. INDIVIDUAL SAMPLING. By default, we sample individuals uniformly
at random from the population. This distribution is modified in some
experiments (Section 5.4.1) and can be time-step dependent (Section 5.2.1
and Appendix C.6.5). Here are the detail of these different distributions:

® INVERSE POWER LAW / ZIPF DISTRIBUTION. The i-th individual is sam-
pled with probability proportional to i~* with & an hyperparameter.
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1. Prompt a large language model [X] came into existence on [Y].

Generate 25 different formal / traditional (X] commenced life on [Y].

templates that are as different as possible [X] emerged into the world on [Y].
to say "[X (person)] was born on [Y [X] entered this world on [Y].
(date)]". Each template must contain [X] [X] first drew breath on [Y].

d [Y].
and [Y] [X] was born on [Y].

[X] was granted life on [Y].

The birth of [X] occurred on [Y].
2. Manually filter generated answers to L
ensure [X] appears before [Y] and to remove The date of [X]'s birth is recorded as [Y].
formatting issues The records indicate [X]'s birth on [Y].

Ficure C.2: Illustration of the template creation process. At the end of it, we have
25 different templates per attribute type.

Recall that we get the uniform distribution when « = 0 and, when
« = 1, we get the Zipf distribution.

* “CELEBRITIES” DISTRIBUTION. A subset of the individuals of a size
n_celebrities is oversampled is sampled weight_celebrities times
more frequently larger than individuals outside the group. Here,
n_celebrities and weight_celebrities are the two hyperparame-
ters we vary.

2

“WARM-UP” DISTRIBUTION. Training begins on a subset of indiv_warmup
individuals for epochs_warmup epochs. An epoch is here defined as
the number of training steps required to see as many biographies as
there are individuals in the entire population (number of individuals
divided by batch size steps). Once the warm-up is over, we train on
the full population. In both phases, individuals within the relevant
group are uniformly sampled.

* SEQUENTIAL DISTRIBUTION. The population is divided into n_groups
groups and we go through these groups in increasing order n_repeats
times. Individuals within each group are uniformly sampled.

2. BloGrRAPHY SAMPLING. For a given individual, we uniformly sample
templates from the appropriate pool (training or evaluation) for each
attribute. We then randomize the template order and concatenate them
to form a single-sequence biography.
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c.2.3 Architecture, optimization and metrics

In almost all our experiments, we use the 44M-parameters Transformer
architecture of [248]. It has 8 layers, uses a residual stream of dimension 512,
with one hidden layer multi-layer perceptrons with 2048 hidden neurons.
It has 8 heads and each head has keys and values of dimension 64. The
only deviation to this architecture is the model size ablation of Figure C.3
(lower right), in which we use a 163M-parameters (12 layers, 16 heads,
dimension 896) and a 400M-parameters (12 layers, 12 heads, dimension
1536) architecture. The default hyperparameter configuration is detailed in
Table C.1. For most experiments, we perform a sweep over different learning
rate values, selecting the best performing one based on final training loss.

The experiments in Figure 5.2 use 5 different seeds. However, given the low
variance of the results, we preferred to use compute to explore more diverse
hyperparameter configurations rather than performing our analysis on more
seeds and ended up using a single seed for the rest of the experiments.

Throughout this study, we use two main metrics. The first one is the attribute
loss, which is the sum of cross-entropy losses measured on all attribute
value tokens, which is then averaged by the number of attribute values
in the sequence (always 6) and by the batch size. Importantly, we don’t
average by the number of tokens within each attribute value, so that the
comparison to the no-knowledge baseline is easier. The second metric we
use is the attribute accuracy, which is the accuracy the model gets when
correctly predicting all consecutive attribute value tokens. For example,
if the model always predicts correctly all attribute value tokens except
the first one, it will get an accuracy of o. This way, this metric is rather
conservative, and that we are sure that for the model to be correct it has
to get all the tokens requiring recall abilities (as opposed to completion
abilities) right. The no-knowledge baseline is computed as the average
entropy of all attribute values from all types, that is the average logarithm
of the number of possible attribute values.
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C.3 ADDITIONAL ANALYSIS OF THE LEARNING DYNAMICS (SECTION 531)

c.3.1 The three phases are robust to sensible hyperparameter choices

In Figure C.3, we verify whether the three phases we identify are robust
to sensible parameter changes. We find that they are robust to changes in
learning rates, total number of individuals, weight decay values, batch size,
model size, and to changing the sequence mixing architecture to a recurrent
one (we use the Hawk model for that [71]).

learning .
m . rate @ 101 fzmslv' @ N
g 10 0.0016 4 8 g 10 weight
° ° 2 a0 gecey
s 100 5 107t 5 10 1.0
2 2 64k 2
5 - =1 32k 5 107!
£ 107! 0.0008 £ 3 8k B 01
< (00002 < 10 < 03
0.0004 16k 1072 0.03
0ok 5k 10k 15k 0ok 5k 10k 15k 0ok 5k 10k 15k
Training steps Training steps Training steps

¢ 10t @ 10! @ 10!
o o o
> > o ° 10°
L 100 g 10 b] model
.-3 3 . mixing 3 1071 size
E 10-1 E 10 block E 10-2 50m
< < 10-2 attention < -150m

1072 ssm 10-3 400m

0Ok 5k 10k 15k 0Ok 5k 10k 15k
Data points Training steps Training steps

Ficure C.3: Different hyperparameter configurations lead to qualitatively similar
learning dynamics.
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C.4 DETAILS OF THE MECHANISTIC STUDY AND ADDITIONAL ANALY-
SES (SECTION 5.3.2)

C.4.1 Implementation of the attention patching experiment

Our attention patching experiment consists of training a reference model,
then restarting training with the same initial parameters but providing the
model with the attention patterns the reference model produced when see-
ing the same samples. Two hyperparameters control this: reference_patching
(the number of training steps for which the reference model was trained)
and start_patching (the step at which patching begins; before this, the
modified model uses its own attention). There are two key configurations:
when start_patching and reference_patching are equal, this effectively
freezes the model’s attention at a given point; when start_patching is o,
patching occurs throughout training, as presented in the main text.

We implement attention patching through a twin architecture. We initialize
the modified model with the initial parameters and the reference model with
the desired parameters. Both models process the input sequence layer-wise.
At each layer, the reference model generates attention scores and output.
The attention scores are sent to the corresponding layer in the modified
model (and the output to the next layer), with gradients stopped on the
attention scores to prevent training the reference model. The modified layer
uses the provided attention pattern instead of its own if patching has begun.
While generating all attention scores from the reference model beforehand is
possible and potentially simpler code-wise, our layer-wise implementation
is more memory-efficient, particularly for long sequences, and many layers
and heads. That said, given that memory is not an issue in our experiments
given the small size of the models, it would probably have been good
enough. We always re-initialize the optimizer state to default values when
starting patching. While we found some significant loss increase just after
the beginning of patching with this strategy, we also found them to be
smaller than without re-initializing them.

The experimental setup that we have described here is richer than the one
presented in the main text as we can now vary the beginning of patching.
We provide the results of this more extensive analysis in Figure C.4 for
completeness. Those results confirm our conclusions from the main text.
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F1Gure C.4: Extended analysis of the attention patching experiment. (right) Patching
starts at the beginning of learning (start_patching = o). It is the same figure than
Figure 5.3 (middle). (middle) In this experiment, the attention pattern are frozen,
that is start_patching = reference_patching. (right) Final attribute loss when
independently varying the number of steps at which we start patching and the
number of steps the reference model was traning.

c.4.2 Details of the attention pattern analysis

In our analysis, the model’s attention patterns during learning, we examine
which tokens the network attends to when processing or predicting specific
tokens. This approach is motivated by prior work (discussed in Section 5.3.2
and visualized in Figure C.5) that identified specific attention-based circuits
for factual recall tasks, each with distinct signatures observable through
attention patterns. We focus on the following circuits and their signatures:

* NAME TOKENS GROUPING CIRCUIT. This circuit, present in the model’s
first layer, groups the embeddings of name tokens to represent the
individual’s full name. This occurs when processing the last name token,
leading to high attention on other name tokens in the first layer. Focusing
on the last name token is crucial to differentiate this mechanism from
others like name completion. The name — name line in the right panel of
Figure 5.3 represents the average attention from the last name token to
all other name tokens in the first layer, averaged over name occurrences
(typically 6, corresponding to the number of attributes), heads, and 512
input sequences. Figure C.6 (left) shows this quantity for all layers.

* EXTRACTION CIRCUIT. The final attention layer selects and relays relevant
information based on the requested attribute type. We expect high
attention to name tokens (but not text tokens) when predicting the first
attribute value token, once this circuit is established. Again, focusing on
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logits
extract attribute
final attention layers

contains information about
all attribute values

associative memory

middle MLP layers

query: representation
of the name

concatenate tokens

early attention layers

[James] [Frida] [Zhu] [is] [a] [native] [of]

name tokens

Ficure C.5: High-level description of how Transformer-based language models
solve associative recall tasks. Figure adapted from [245]. This model motivates our
fine-grained attention pattern analysis (described in Section C.4.2) and is closely
related, albeit slightly simplified, to the one of [244].

the first token is crucial to isolate this from completion mechanisms. The
attribute — text and attribute — name lines in Figure 5.3 are generated
accordingly. Figure C.6 (middle left and middle right) shows the layer-
wise breakdown of these quantities.

We do not include the attribute type propagation circuit highlighted in [244]
in this analysis to keep it simple. That said, the relatively high attention to
text tokens in the first attention layers when predicting attribute values is
consistent with that circuit.

As a separate observation, Figure C.6 (right) reports the evolution of the
sharpness of attention patterns in each layer, defined as the normalized
entropy of the attention distribution (divided by the logarithm of the
number of attendable tokens). Initially uniform, attention patterns become
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FiGure C.6: Layer-wise analysis of the attention patterns of the model over the
course of learning. (left) Attention given to the name tokens when seeing the last
name tokens. (middle left) Attention given to the template tokens when predicting
the first attribute value token. (middle right) Attention given to the name tokens
when predicting the first attribute value token. (right) Sharpness of the attention
probability distribution, defined as the entropy of the distribution divided by its
mask value (log t with f the index of the current token).

progressively sharper, with a slight increase in sharpness starting around
the end of the plateau.

We conclude this section by discussing the limitations of this analysis. It
ignores the impact of the values (e.g., attention patterns do not matter
when values are equal to 0), is purely correlational, and relies on simplified
mental models of the network’s internal workings. Nevertheless, it enables
refining the conclusions drawn from our attention patching intervention.
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C.5 ADDITIONAL ANALYSIS FOR THE IMPACT OF DATA DISTRIBUTION

PROPERTIES (SECTION 5.4)

c.5.1 Learning curves for different data distributions

We here provide some examples of learning curves when modifying the
training distribution. We focus on the 8k training steps, 64k individuals
regime as it is one in which we observe large differences between distribu-

tions.
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F1cure C.7: Learning curves for the inverse power law distribution, obtained for 8k

training steps and 64k individuals.
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Ficure C.8: Learning curves for the celebrities distribution, obtained for 8k training
steps and 64k individuals. In the left plot, the weight for celebrities is set to 8 and
in the right plot the number of celebrities is set to 4k.
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F1cure C.9: Learning curves for the warm-up distribution, obtained for 8k training
steps and 64k individuals. In the left plot, the number of warm-up steps is set to
1.5k and in the right plot the number of warm-up individuals is set to 8k.

c.5.2  Extensive comparison of the performance of different data distributions

In Figure C.10, we provide a detailed version of Figure 5.4 (right). We vary
the number of training steps and the number of individuals, and report
both attribute accuracy and attribute loss. Additionally, we include the
celebrities” distribution in the comparison. The results stay qualitatively the
same as what we reported in the main text.
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Ficure C.10: Extensive comparison of the final performance of the model when
trained on different classes of data distribution. For each class, we pick the best
data distribution hyperparameter specifying the class. (left and middle left) We vary
the total number of individuals, (middle right and right) we vary the number of
training steps.

It should be noted that we have not tried to optimize the warm-up strategy
more than through the hyperparameter grid search reported in Section C.7.4
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as it is not the main focus of this paper, and it is possible that even better
results could be achieved. For example, we only allow for changing distribu-
tions every epoch, with an epoch being defined as seeing all individuals in
the training distribution. This implies that for a high number of individuals,
tuning is rather coarse. Another potential improvement is to gradually
increase the distribution size.

In Figure C.11 and C.12, we plot the final performance of the model for
different hyperparameter choices. In the low training step regime (8k steps
plot in Figure C.11), we find the optimal hyperparameter choice to be within
our grid search. However, in the large number of individuals scenario, it
seems outside our range (cf. 128k individuals plot of Figure C.12) and in
particular suggests a long warmup phase with a high number of individuals.
This leads us to wonder whether the benefits we observe from the warming-
up could be achieved by just training on fewer individuals. To that extent,
we run an additional run with a uniform distribution on the individual,
with a population size of 83k individuals. The model reaches an attribute
accuracy of 97.72%, which would become 63.26% when evaluating on 128k
individuals. On the other side, the model trained with warm-ups reaches
94.92% accuracy. This refinement of our results strengthens our confidence
in the benefits of warm-ups, particularly as we have not optimized the
strategy beyond a relatively small hyperparameter grid search.



BIBLIOGRATPHY

4k steps 8k steps 16k steps 32k steps 64k steps

w
s 3% 8
2 16k 002
S s £
£ 2 B
o 4k 10 ©
2 T
R 2
X X M X X X X ¥ X X X X ¥ X X X M ¥ X X X X X N X v

n ~ 1N N < n ~ 1N N < n ~ 1N N < n ~ 1N N < n ~ n N <

o — o - o - o - <} -
Warmup steps Warmup steps Warmup steps Warmup steps Warmup steps
4k steps 8k steps 16k steps 32k steps 64k steps

1.00 ¢
s 32k 5
g 16k 0.75 %
2 8k 050 2
€ K b=
E . 025 ©®
= 2k 2
0.00 i

¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ M ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥

n = 1n N < n = 1n N < n ~ 1n N < n ~ n N < n = 1n N <

=} — =] - =] - =] - <} -
Warmup steps Warmup steps Warmup steps Warmup steps Warmup steps
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to 64k and these plots correspond to Figure C.10 (middle right and right).
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C.6. DETAILS OF THE FINE-TUNING ANALYSIS AND ADDITIONAL EX-
PERIMENTS (SECTION 5.5)

c.6.1 Experimental details

In our fine-tuning experiments, we generate n_individuals_finetune new
individuals and use their biographies for fine-tuning. By default, we use
fine-tune a model trained for 16k steps on 64k individuals, with individuals
sampled uniformly (i.e., the default parameters in Table C.1). In the experi-
ments with replay, we use sampling according to the “celebrities” distribu-
tion described in Section C.2.2, using a weight of weight_replay_finetune
for the 64k pre-training individuals, and a weight of 1 for the fine-tuning
individuals. We use a constant learning rate of 3 - 107> for fine-tuning, the
rest of the optimizer staying as it is during pre-training.

c.6.2  Hallucinations

As briefly mentioned in Section 5.5, our framework offers a simple way to
monitor fact-conflicting hallucinations (as defined in [321]) during training.
These hallucinations are characterized by overconfidence in predicting facts
absent (or rare) from the training data. To assess this, we evaluate the
model on held-out individuals not present in the training distribution. A
hallucinating model would predict incorrect attribute values with high
confidence. For these held-out individuals, the attribute loss must exceed
the no knowledge baseline, with higher values indicating overconfidence
(i.e., hallucinations). Figure C.13 shows that hallucinations appear shortly
after the plateau phase. However, the model remains less confident in
these hallucinations than in its grounded predictions for seen individuals
(see middle right and right panels). The higher probability mass on the
most likely prediction and lower entropy of the predictive distribution
for seen individuals suggest that hallucinations can be detected to some
extent. We found these observations to be robust to changes in the input
distribution. For example, progressively increasing the population size did
not significantly affect these metrics.
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F1GURE C.13: The model starts hallucinating during training. The blue line corre-
sponds to the model performance on seen individuals (as elsewhere in the paper)
and the purple one to its performance on 16k held-out individuals. (left) attribute
loss, (middle left) knowledge accuracy, (middle right) average probability of the
most likely predicted token (for attribute values), and (right) average entropy of the
predictive distribution (for attribute values). Overall, the model is less confident in
its hallucinations than in grounded predictions.

This experiment is only a preliminary exploration of hallucinations within
our setup. Future work could, for example, investigate how the confidence
gap evolves when increasing the number of individuals. For instance, if
we consider the network’s associative memory to be a linear key-value
database, increasing the number of individuals while holding the number
of hidden neurons constant would bring key representations (individual
names) closer, making it harder to distinguish unseen keys, thereby reduc-
ing the confidence gap and increasing hallucinations. Understanding which
training individuals indirectly inform predictions for unseen individuals
and what is the underlying similarity metric is another intriguing direction.
Finally, on the more practical side, this framework could serve as a test-bed
for methods aiming at detecting or mitigating hallucinations, as successful
general-purpose methods should also be performing well in this simplified
setting. We leave these investigations to future work.

c.6.3 Additional analysis for fine-tuning

In the main text, we have presented results for two sets of fine-tuning
experiments, one with replay and one without replay. In Figure 5.5, we have
reported fine-tuning dynamics in a fine-tuning loss vs. pre-training loss
reference frame. We here visualize the evolution of the model performance
as a function of time. Importantly, these plots make it easier to remark
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that the drop in model performance on pre-training data occurs very early
during fine-tuning (on the order of a hundred steps), and that the increase
in performance on fine-tuning data is happening on a longer time-scale
(see Figure C.14). Additionally, the accuracy plots show that the increase in
loss to values close to no-knowledge baseline does not necessarily mean
that all pre-training knowledge is erased as some knowledge (i.e. non-zero
accuracy) about the pre-training data remains.
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Ficure C.14: Evolution of the performance of the model on the pre-training dis-
tribution (left and middle left panels) and on the fine-tuning distribution (middle
right and right panels), as fine-tuning progresses. In the first row, there is no replay
of the pre-training data during fine-tuning and we vary the number of fine-tuning
individuals. In the second row, obtained for 4k fine-tuning individuals, we introduce
some replay whose weight we vary (the weight corresponds to how much bigger
the probability of sampling a pre-training individual is compared to one in the
fine-tuning set). The data presented here is the same as the one in Figure 5.5 (middle
and right panels), but here plotted as a function of time and including accuracy.

In Figure C.15, we provide the evolution of (some of) the attention scores for
one of the fine-tuning experiments with no replay (4k individuals), focusing
on the metrics that we have introduced in Section C.4.2 as they are most
relevant to our analysis. We find attention scores to be particularly stable,
which enables us to conclude that the performance drop during fine-tuning
is not strongly linked to changes in attention patterns.
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FiGure C.15: The attention patterns remain remarkably relatively during fine-tuning.
We here report the following metrics: (left) attention to name tokens when seeing
the last name token, (middle left) attention to general text tokens when predicting
the first attribute value token, (middle right) attention to the last name token
when predicting the first attribute value token, (right) (normalized) entropy of the
probability distribution defined by attention scores. The attention patterns analyzed
here were obtained on the pre-training distribution; performing the same analysis on
the fine-tuning distribution (not reported here) barely changes observed behaviors.
See Section C.4.2 for the rationale behind the choice of metrics.

We complement our analysis with an experiment in which we fine-tune the
model on rare, but seen during pre-training, individuals. We do so using
our celebrities distribution, setting the total number of individuals to 128k,
n_celebrities to 8k and weight_celebrities to 8. After training on 16k
training steps, the model confidently and correctly predicts the attribute
value of the celebrities but gets around 50% accuracy on non-celebrities,
which are the majority of the population. Overall, we find that fine-tuning
on existing individuals does not lead to fast performance drop fine-tuning
on new individuals has (Figure C.16). We are able to add a significant
amount of knowledge in the model’s weights, as the accuracy on the 120k
non-celebrities goes from 50% to close to 70%. These results supporting
that fine-tuning on existing individuals is net-positive are confirmed by our
alternating training distribution experiment of Figure C.22.

C.6.4 Reproducing fine-tuning behavior on a toy associative memory problem

In this section, we investigate whether the fine-tuning behavior observed
in our language model experiments can be attributed to changes in their
feed-forward associative memories. To this end, we train a single-hidden-
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Ficure C.16: Evolution of the model’s performance when fine-tuned on rare (FT
on non-celebrities line) or frequent (FT on celebrities line) individuals from the
pre-training distribution. See Section C.6.3 for more detail.

layer multi-layer perceptron on a synthetic heterogeneous associative recall
task, analogous to retrieving attribute values (e.g., university, major) given
an individual’s name.

Our network has 256 hidden neurons with ReLU activation. Both keys
(names) and values (attributes) are represented by 64-dimensional random
embeddings drawn from a normal distribution and then projected to the
L2 unit sphere. The model learns to map keys to one of 30 possible values,
effectively performing 30-way classification. It is learned with the cross-
entropy loss and the AdamW optimizer with a cosine learning rate schedule
(initial learning rate 0.03, 16k steps, batch size 128, weight decay 0.01).

We pre-train the model on 8192 key-value pairs and then fine-tune it with
a constant learning rate of 0.001 for 4000 steps. Fine-tuning incorporates a
variable number of new key-value pairs and optionally includes replay of
pre-training data. The replay weight controls the relative sampling proba-
bility of pre-training versus fine-tuning examples (e.g., a weight of 2 with 2
pre-training and 1 fine-tuning examples results in sampling probabilities of
2/5,2/5,and 1/5).

Mirroring Section 5.5, we conduct two experiments:

1. Fine-tuning without replay, while varying the number of new samples
(left panel of Figure C.17, top row of Figure C.18).

2. Fine-tuning on 128 new samples and varying replay weight (right panel
of Figure C.17, bottom row of Figure C.18).
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Ficure C.17: Equivalent of Figure 5.5 for the toy associative memory model. In the
right plot, we set the number of fine-tuning examples to 128. See Section C.6.4 for
experimental details.

We also experimented with fine-tuning on old key-value pairs, as in Fig-
ure C.16, and once again observed qualitatively similar behaviors. Overall,
these results provide evidence for the hypothesis that mostly feed-forward
associative memories are altered during the incorporation of new knowl-
edge through fine-tuning.

C.6.5 Experiments with regular changes in training distribution

To complement our fine-tuning analysis, we consider the setup in which
the training distribution is regularly changed, either to a new group of
individuals every change (this corresponds to varying number_groups and
fixing number_repeats to 1) or alternating between two groups of individu-
als (this corresponds to varying number_repeats and fixing number_groups
to 2). While this kind of experiment is further away from the current train-
ing paradigms of large language models and is more akin to a continual
learning setup (e.g., [322]), it enables us to monitor the plasticity of the
network, that is how fast it learns new knowledge and forgets about existing
ones, in a dynamic way. Overall, we find that our fine-tuning findings are
robust across different stages of learning and these new results enable us to
sometimes refine our conclusions.

We observe a few interesting patterns. First, it becomes increasingly easier
to learn a new distribution over time (Figure C.19), which is likely induced
by the improvement of the attention pattern quality over the course of
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Section C.6.4 for experimental details.
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F1Gure C.19: Evolution of the model performance on different groups of individuals
when it is trained sequentially on these groups. The color indicates the group of
people the model is evaluated on: the darker the color, the later the network was
trained on this group. For all plots the total number of individuals considered is
equal to 64k. See Section C.6.5 for more detail.
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F1Gure C.20: Same as Figure C.19, but with a constant learning rate scheduler.
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F1cure C.21: Similar to the middle panel of Figure C.19 (8 groups), this time when
training for longer. The total number of individuals is adapted so that the size of
each group remains the same as before. All other hyperparameters remain the same.
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F1Gure C.22: Evolution of the model performance on different groups of individuals
when it is trained alternating between two groups. The color indicates the group of
people the model is evaluated on: green is for the first group, blue for the second
one. For all plots the total number of individuals considered is equal to 64k. See
Section C.6.5 for more detail.

learning (Figure C.23), until the cosine learning rate scheduler eventually
damps down weight changes. At the same time, forgetting, measured in
log loss differences, becomes more important and occurs much faster than
learning, confirming the results of Figure 5.5. However, changing distribu-
tions multiple times during early learning dynamics when the learning rate
is relatively high reduces this plasticity increase, as it partially impairs the
future ability of the network to learn new groups (c.f. performance drop
from Figure C.19 middle to Figure C.21, or Figure C.20). For small learning
rates (i.e. at the end of training), performance on old data sometimes gets
improved after some initial performance drop, without it being replayed
(Figure C.23), an intriguing phenomenon that we have partially observed
during fine-tuning (Figure C.14, top row). Additionally, for very small
learning rates, learning eventually becomes harder and forgetting is not
catastrophic, leading to the model remembering more about the second to
last group than the last one (see e.g., the 8 groups plot in Figure C.19). Still,
too many distribution changes to unknown distributions when learning
rates are small ultimately remove any knowledge from the network (e.g.
Figure C.21).
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F1cure C.23: Final attribute loss at the end of an attention patching experiment in
which the model of Figure C.19 (8 groups) serves as reference (green line), as a
function of the number of steps the reference model was trained. For comparison,
we include the one we obtained when training on all individuals at once (grey
line), as in Figure C.4. We use this metric as a measure of how good the attention
patterns of a given model (the reference model) at a given time are for learning
and solving the task at hand. We do not observe an initial bump in performance
when changing individual distribution. There are two main reasons for that: First,
attention patterns get formed early on due to training occurring on less individuals.
Second, the granularity that we use (2k steps) would not allow us to see such a
bump here.
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F1cure C.24: Evolution of the attention patterns for the experiment reported in the
middle panel of Figure C.19 (one loop over 8 different groups of individuals). In
the first three panels, we report (left) the average attention to name tokens when
seeing the last name token, (middle left) attention to general text tokens when
predicting the first attribute value token, (middle right) attention to the last name
token when predicting the first attribute value token. In the right panel, we select
the last layer line from the attribute to name and attribute to text plots, and the first
layer line from the name to name line. See Section C.4.2 for the rationale behind
the choice of metrics. The attention patterns are more unstable than in the constant
distribution scenario (Figure C.6). Yet they remain relatively stable, particularly for
the one highlighted in the right panel towards the end of learning, in light of the
frequent distribution changes and the relatively high learning rate used for most of
the training.
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C.7 HYPERPARAMETER CONFIGURATIONS

c.7.1  Default configuration

NaME VALUE Descrirtion

MobpEL

parameters 44M Number of parameters.

n_layers 8 Number of layers.

n_heads 8 Number of attention heads per attention layer.

d_model 512 Model dimension (residual stream).

d_hidden 2048 Hidden dimension of the multi-layer perception.

key_size 64 Dimension of the key and values.

sequence_mixer Attention Which sequence mixing block we are using.

TRAINING

training_steps 16k Number of training steps.

batch_size 128 Batch size.

lr_scheduler cosine Learning rate scheduler, default is cosine scheduler (no
warm-up, final learning rate: 10 7).

ir 4.107* Maximum learning rate.

weight_decay 0.1 Weight decay.

optimizer AdamW Optimizer (momentum parameters for the AdamW opti-
mizer are f; = 0.9, B = 0.95).

Data

sequence_length 512 Sequence length.

n_individuals 64k Number of different individuals in the population.

indiv_dist_train  uniform Distribution from which we sample individuals whenever
we generate a new biography (at train time).

indiv_dist_eval uniform Same as previous line, but for evaluation.

shuffle_templates True Whether to shuffle templates.

n_templates 25 Number of templates per attribute type.

n_templates_train 20 Number of templates used in training.

n_sequences_eval 16k Number of sequences for evaluation.

MISCELLANEOUS

n_seeds 1 Number of seeds per hyperparameter configuration.

tokenizer SentencePiece  Tokenizer, as in [248].

vocab_size 32k Vocabulary size of the tokenizer.

checkpoints 50 One checkpoint every 125 steps until 2k steps, and 32
checkpoints uniformly spaced over the entire learning
trajectory.

accelerator Google TPUv3 Hardware accelerator.

TaBLE C.1: Default hyperparameters used in our experiments.
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c.7.2  Hyperparameters for Section 5.3.1
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c.7.3 Hyperparameters for Section 5.3.2

c.7.4 Hyperparameters for Section 5.4

INVERSE POWER LAW DISTRIBUTION (Figure 5.4, C.7 and C.10)

n_individuals |4k, 8k, 16k, 32k, 64k, 128k, 256k]
training_steps [8k, 16k, 32k|
indiv_dist_train Inverse power law

- alpha [0,0.2,04,0.6,0.8,1]

Compute time: 1584 hours (train) and 521 hours (eval).

CELEBRITIES DISTRIBUTION (VARY NUMBER OF INDIVIDUALS) (Figure C.8 and C.10)

n_individuals |4k, 8k, 16k, 32k, 64k, 128k, 256k]
indiv_dist_train Celebrities
- n_celebrities |4k, 16k, 64K]
-weight_celebrities [2,4,8,16]

Compute time: 1128 hours (train) and 768 hours (eval).

CELEBRITIES DISTRIBUTION (VARY NUMBER OF STEPS) (Figure C.8 and C.10)

training_steps |4k, 8k, 16k, 32k, 64k, 128k, 256K]
indiv_dist_train Celebrities

-n_celebrities [4k, 16k, 64K]

- weight_celebrities [2,4,8,16]

Compute time: 1512 hours (train) and 541 hours (eval).

WARM-UP DISTRIBUTION (VARY NUMBER OF INDIVIDUALS) (Figure 5.4, C.9, C.10 and C.12)

n_individuals |4k, 8k, 16k, 32k, 64k, 128k, 256K]
indiv_dist_train Warm-up

- indiv_warmup [2k, 4k, 8k, 16k, 32K]

- epochs_warmup [1,2,4,8]

Compute time: 1944 hours (train) and 1152 hours (eval).
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c.7.5 Hyperparameters for Section 5.5

HarrucinaTtions (Figure 5.5 and C.13)

1r 4.1074

Compute time: 3 hours (train) and 5 hours (eval).

FINE-TUNING wiTHOUT REPLAY (Figure 5.5, C.14 and C.15)

n_individuals_finetune [1k, 2k, 4k, 8k, 16k]
1r_finetune 3.10°°

Compute time: 17 hours (train) and 95 hours (eval).

FINE-TUNING WITH REPLAY (Figure 5.5 and C.14)

n_individuals_finetune 4k
weight_replay_finetune [2,1,1/2,1/4,1/8,1/16,1/32]
1r_finetune 3.107°

Compute time: 26 hours (train) and 174 hours (eval).

FINE-TUNING ON CELEBRITIES (Figure C.16)

n_individuals 128k
training_steps 16k
indiv_dist_train Celebrities
- n_celebrities 8k
-weight_celebrities 8
1r_finetune 3.107°

Compute time: 6 hours (train) and 48 hours (eval).
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MAIN EXPERIMENT (Figure 5.2)

ir [1074,2-107%,4-107%,8-107%,1.6 - 1073]

n_seeds 5

Compute time: 78 hours (train) and 154 hours (eval).

ABLATION NUMBER OF INDIVIDUALS (Figures 5.2 and C.3)

ir [107%,2-107%,4-1074,8-107%,1.6 - 1079]
n_individuals |4k, 8k, 16k, 32k, 64k, 128Kk, 256k]
n_seeds 5

Compute time: 600 hours (train) and 214 hours (eval).

ABLATION WEIGHT DECAY (Figure C.3)

ir [107%,2-107%,4-1074,8-1074,1.6 - 1079]
weight_decay [0.01,0.03,0.1,0.3,1]

Compute time: 86 hours (train) and 29 hours (eval).

ABLATION BATCH sIZE (Figure C.3)

ir [107%,2-107%,4-1074,8-1074,1.6 - 1079]
training_steps |4k, 8k, 16k, 32k, 64k]|
batch_size (32, 64,128,256,512]

Compute time: 685 hours (train) and 148 hours (eval).

ABLATION MODEL SIZE (Figure C.3)

ir [107%,2-1074,4-1074,8-107%,1.6 - 1079]
parameters [50m, 150m, 400m)]

Compute time: 30 hours (train) and 89 hours (eval).

ABLATION SEQUENCE MIXER (Figure C.3)

ir [1074,2-107%,4-107%,8-107%,1.6 - 1073]
sequence_mixer [Attention, RG-LRU [71]]

Compute time: 32 hours (train) and 15 hours (eval).

ABLATION TEMPLATE VARIETY (Figure C.1)

ir [1074,2-107%,4-1074,8-107%,1.6 - 1073]
shuffle_templates [True, False]
templates_train [1,2,4,8,16]

Compute time: 163 hours (train) and 53 hours (eval).
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ATTENTION PATCHING EXPERIMENT (Figures 5.3 and C.4)

start_patching [0k, 0.5k, 1k, 2k, 4k, 8k, 16K]
reference_patching [0k, 0.5k, 1k, 2k, 4k, 8k, 16k]

Compute time: 73 hours (train) and 160 hours (eval).

ATTENTION PATTERN ANALYSIS (Figures 5.3 and C.6)

ir 4.107*

Run taken from results of Figure 5.2.

WARM-UP DISTRIBUTION (VARY NUMBER OF STEPS) (Figure 5.4, C.9, C.10 and C.11)

training_steps [4k, 8k, 16k, 32k, 64k, 128k, 256k]
indiv_dist_train Warm-up

- indiv_warmup [2k, 4k, 8k, 16k, 32K]

- epochs_warmup [1,2,4,8]

Compute time: 2808 hours (train) and 1008 hours (eval).

SEQUENTIAL LEARNING WITH NEW GRouPs (Figure C.19, C.20 (and C.21))

n_individuals 64k (256k)
training_steps 16k (64k)
lr_scheduler [cosine, constant] (cosine)
indiv_dist_train Sequential

- n_groups [4,8,16] (32)

- n_repeats 1

Compute time: 26 (+13) hours (train) and 78 (+432) hours (eval).

SEQUENTIAL LEARNING WITH ALTERNATING GROUPS (Figure C.22)

indiv_dist_train Sequential
- n_groups 2
- n_repeats [2,4,8]

Compute time: 10 hours (train) and 39 hours (eval).




THE EMERGENCE OF SPARSE ATTENTION

D.1 DETAILS OF THE THEORETICAL RESULTS

D.1.1  Ouverview of the assumptions

Throughout our theoretical analysis, we introduce a few assumptions to
simplify it. We summarize them here:

Asm. 1

Asm.2

Asm.3

Gradient flow dynamics. To study learning dynamics, we focus
on the gradient flow of the expected loss. Compared to the
standard deep learning regime, this removes stochastic noise
induced by sampling, uses gradient descent as optimizer instead
of optimizer with adaptive learning rates such as Adam, and
requires an infinitely small learning rate. Due to the last point,
phenomena such as the edge of stability [201] are out of the
picture. Yet, this is a very standard assumption (e.g. [59]) and will
enable us to use tools from dynamical systems to understand how
the behavior of the model changes over the course of learning.

Uniform attention at initialization. At initialization, the atten-
tion patterns of Transformers generally display remarkable uni-
formity at initialization. We take advantage of this observation
in our model by initializing a as a vector of zeros. This enables
us to reduce the dynamics of the attention part of the model to a
single scalar.

W* has norm 1 columns. We assume that the columns of W* all
have norm 1. While this is not strictly necessary for performing
our analysis, it simplifies the formulas that we obtain and helps
to keep the notation concise. Additionally, this is the expected
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Asm. 4

Asm. 5

behavior when drawing the entire of W* i.i.d. from a zero-mean
normal distribution with variance % when d goes to infinity.

Initialize the weights W at 0. When drawing the entries of W i.i.d.
and independently of those of W*, W is almost surely orthogonal
to W* as d — oo. The components of W not aligned with W*
exhibit a fast decay towards 0, so this assumption corresponds to
having already completed this process. With such an assumption,
we can reduce the dynamics of the weights to a single scalar, w,
which will be the projection of W on a normalized W*.

Large sequences and large dimension. Finally, we assume that
we are in the large T limit and B is negligible in front of T. This
makes sense in our context as we are interested in modeling the
learning of sparse attention patterns. We additionally assume
that d is large, which is a reasonable assumption given that we
are interested in modeling the high-dimensional data neural
networks have to process. These assumptions will enable us to
ignore some negligible terms and keep our calculations more
concise.

D.1.2 Derivation of the expected loss and its gradients

Recall that the loss is given by

L= B [ly-yIP].

with
T
y =W )_ softmax(a); x;
t=1
and
y* = W*xr.
For notational clarity, we define attention patterns as a; := softmax(a);.

Without loss of generality, we assume that the tokens repeated in tokens
appear at positions {T —B+1,---, T} so that the last B tokens are always
the same, and that the repeated input ¥ is the first vector of the canonical
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basis! of RY, that is ¥ = [1,0,--- O]T. For the sake of conciseness, we denote
by
2 = E, [xtxﬂ

the input covariance of each token. Note that for t < T — B, it is equal to
X = JId.

Using the insights mentioned above and the properties of the data distribu-
tion, the loss reduces to:

L= 2K [ly-yI7]

r 2
1
= E]Ex Zoctht — W¥xr
t
1 : ?
= E]Ex Z oc%||Wxt||2 + Z x;Wx; — W¥xr
t<T—B t>T—B
. r 2
= E]Ex Z oc%||Wxt||2 + Z ) Wxp — Whxr
t<T—B t>T—B
1
=5 | & e (wzwT)
t<T—B
-
+ tr ( Y. zxtW—W*> 1 ( Y. mv-w*)
t>T—B t>T—B
1 a% 5
=5 X SlIWlz
2 L<TB d

.
+ tr ( Y atW—W*>ZT< Y zxtW—W*>
t>T—B t>T—B

In the third line, we used the fact that the first T — B tokens are independent
of each other and independent of the last B ones, in the fourth line that
the last B tokens are all equal to x7 and in the fifth line the equality
E,[||Ax|]] = tr(AE[xxT]AT).

1 This amounts to a right multiplication of the weights W by an orthogonal matrix.
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Leveraging this formula, we get the following gradients for the loss:

2
VwL= ) oct< ) zxtWW*) r+ ) %W (D.1)

t>T—B t>T—B t<T—-B

-
tr WZT< Y. zxtW—W*> ift >T—B

VL= t>T—B (D.2)

% W2 otherwise.

Note that we have not calculated the gradients with respect to a here, but
only with respect to «a.

D.1.3 Analysis of the dynamics without cross-sample repetition

In this section, we study the dynamics without cross-sample repetition, that
is, with p = 0.

D.1.3.1 Reducing the learning dynamics to two dimensions

In general, the parameters evolve in a high-dimensional space. However,
with a few reasonable assumptions, it is possible to show that they evolve
in a 2-dimensional subspace:

— Attention is initialized uniformly. The first assumption we make is
that attention is perfectly uniform (Assumption 2 from Section D.1.1),
that is ay = % or a; = 0. Given that the gradients of these parameters
are the same for t < T— B and t > T — B, cf. the calculation in the
previous section, all attention values will have two possible values. If
we additionally leverage the fact that ) ; a; = 1, everything is captured
by a single scalar Ag, that is defined as ar — a;. Indeed

& — exp(ay)
L exp(ay)
1

(T — B) exp(a; —a¢) + Bexp(ar — ay)
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so that, fort > T — B,

1
T T —B)exp(—Ba) + B (D:3)
and fort < T — B, ( )
- 1-— BO(T
ay = ﬂ (D.4)

Weights are initialized at 0. We assume that W = 0 at initialization,
following Assumption 4 of Section D.1.1. As L1 = %Id, we have

2
VwL = Z 0:;( Z D(tW—W*>+ Z %W

t>T—B t>T—B t<T—-B

This implies that whenever W is aligned with W*, which is the case
when W = 0, it remains aligned for the rest of learning. Yet, we are
not entirely done as the precise parametrization is important to ensure
that the dynamics match. Such a property is achieved when W =
wW*/||W*||r as, under the gradient flow dynamics on W, we have

_ (W W)p
[W*| e
b = (w*, W) _ (W*,VwL)r
W[ W[

and under the gradient flow dynamics directly on w, we get

. dw > (W*, VwL)r
W=—-VyL=—-(5—,VylL) = ———

¢ <dw " W=
In the calculations above, we used (-, - )r to denote the element-wise
dot product (i.e., (A, B)r = ¥;; AjjBjj). The corresponding norm is the
Froebenius norm ||-||f.

Each column of the target weights W* has norm 1. It follows that the
Froebenius norm of W* satisfies || W*||2 = d. This is Assumption 3 from
Section D.1.1.
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Under these assumptions, studying the gradient flow dynamics on the
original loss therefore reduce to study the gradient flow dynamics on the
simplified loss

B 1 ( B(X) W* ( Baw )2 KTATH T
L=~ -1 W*W
2 L;B d(T — B)? ||W*\|2 Wl + & tr( )
(D.5)
2
1 (1 Ba)2w? (B“w - \/3)
=2 | ar—p q (D6)

with the attention given to token T being equal to

1
(T — B)exp(—Aa) + B’
Note that we have dropped the T subscript for notational conciseness. We

plot this reduced loss landscape in Figure D.1, as well as how the parameters
evolve under the gradient flow dynamics.

N =

As dp,ee = a(1 — Ba), the gradient of this loss with respect to w and Aa are

(1—Ba)?w  Ba(Baw —/d)

Vol = AT —B) y (D.7)
VaoL = a(1 - Ba) (— B;l(;_B“B);UZ + Bw(B”; = ‘@) . (DY)

The entries of the Hessian are
d’L (1 - Ba)? N B?a?
dw? — d(T — B) d
d’L 2B(1—Ba)w ~ B(2Baw — \/d)
dwdaa ~ (11— B) < AT—B) d
d?L 1 —2Ba B%w? BZw2>

b~ a(i = Ba) ¥ dek el =B (d(T—B) T

D.1.3.2 Approximate dynamics around initialization

Despite having reduced the dynamics to two dimensions, it is still too com-
plex to be analyzed mathematically. In order to gain insight into the early
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F1GURE D.1: Loss landscape for the reduced model (T = 256, d = 64, without any
repetition). The white line corresponds to the gradient flow on this loss, initialized
in (0,0) (white cross).
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behavior of the dynamics, we linearize the dynamics around initialization
and compute the time it will require to leave the initial loss plateau.

LINEARIZED DYNAMICS AT INITIALIZATION. Linearizing the dynam-
ics at initialization corresponds to considering the gradient flow on the
quadratic approximation to the loss:

Aa
, T
w w 2 2
+ = H(0,0 +o(||w||=+ ||Aal|?),

with VL(0,0) the gradient of the loss and H(0,0) the Hessian of the loss at
initialization. Plugging in the values the different variable take at initializa-
tion gives

L(w, Aa) —L(o,0)+VL(o,0)T< @ )

B
Vol = ———
w \/HT
VaL=0
and
L (T-B B
dw?  \ dT12 dT2
L ~ T-B B
dwdAa — 2 /i
d2L
anaz =Y

Under Assumption 5 from D.1.1, T — oo, B stays negligible compared to
T, and d is large enough so that v/d is negligible in front of d, so that %
becomes 4, d2 L becomes % and it is therefore negligible in front of the
cross-term second-order derivative. The gradient flow dynamics around
initialization becomes

' B 0o £
w ) _ | Var |+ Vit ) Fo(llwl + (| Aal).
Aa 0 S 0 A

(D.9)
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FIGURE D.2: COMPARISON OF THE EARLY DYNAMICS (PLAIN LINES) WITH THEIR CORRE-
SPONDING LINEAR APPROXIMATION AROUND LINEAR CONDITIONS (DASHED LINES). d is
here fixed to 512.

Figure D.2 provides a visualization of how well these approximate dynamics
match the original one.

The Hessian matrix has a positive eigenvalue 2 and one negative one

VdT
—%. This implies that the initial parameters are in the vicinity of an

unstable fixed point and that the negative eigenvalue of the Hessian will
dictate how fast we are escaping these initial conditions. Its eigenvalues are

B
VAT

ot
A A

Let P be the change of basis matrix defined by these eigenvectors. This
matrix P transforms the original coordinates (w,Aa) to the eigenbasis
coordinates, (z4,z— ). The dynamics in the new basis is

(1) (1) (0 2)(2)

This yields

Ay ==+

with eigenvectors

(exp(At) — 1)

|
Sl=Sl-

(1 —exp(—At))
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and

w = sinh(At)
Aa = cosh(At) —1

INITIAL EVOLUTION OF THE LOsS. We can now derive a close-form
equation for the temporal evolution of the quadratic approximation of the
loss: as

L(w,Aa) = 0.5 — Aw — AwAa + o |w||* + ||Aal|?),

we get that the loss is initially approximately equal to

h
Q

— Asinh(At) — Asinh(At)(cosh(At) — 1)
— Asinh(At) cosh(At)

(1 — Asinh(2At))

NI—=DNI= DN =

using the identity sinh(x) cosh(x) = 1 sinh(2x).

TIME NEEDED TO ESCAPE THE INITIALIZATION PLATEAU. We can
now compute the time T, it will take for the (approximate) loss to be equal
to (1 — ¢) its initial value. From this definition, we get that T satisfies

(1— Asinh(2A8)) = 1?,

T, = \/ETarcsinh (S BdT> .

N —

that is

2B

Given that we are in the regime of large T and d, we finally get

VdT 2e\/dT
T, = log B

2B

by using the fact that arcsinh(x) ~ 1 log(x) as x — o.
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D.1.3.3 Phase transition and late phase dynamics

Once we escape initial conditions and attention to the relevant token(s)
starts increasing, the impact of the other tokens on the loss starts becoming
negligible, the loss approximately becomes

L= % (Bocw - \/3)2 (D.10)
This loss features multiplicative interactions akin to a one-hidden-layer
neural network, and therefore it comes as no surprise that the loss exhibits
similar sharp phase transitions as the ones observed when learning these
networks, cf. Saxe, McClelland & Ganguli [59] for an in depth analysis of
these dynamics (one needs to linearize the mapping Aa — « to get the
exact mapping to this set of results).

The learning dynamics exhibits an interesting behavior after the phase
transition: the projection of w on W* starts decreasing, as seen on Figure D.1
for example. In the following, we will argue that w is close to equilibrium
in that phase and that learning consists mainly in slowly pushing Aa to
infinity and that the corresponding equilibria decrease. We will show this
by investigating the structure of the Hessian when w is at equilibrium.

First, let us compute the value that w takes at equilibrium, which requires
solving the equation VL = 0. Using Equation D.7, it gives

(25 ) -2

that is

(1— Ba)? (Ba)Z)l Ba
77

w(w) i= (d(T—B) T

We plot w™ as a function of « in Figure D.3.left.

Let us now consider the case in which Ba converges to 1, thatis Ba =1 —¢
with € — 0. This gives

w® = _ Bad +o(e?) =

Bavi + 0(€?).

1—c¢
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FIiGure D.3: (left) w™ as a function of « for different T values (d = 64, B = 1).
(middle) Evolution of w on the gradient flow dynamics (T = 512, d = 64, B = 1)
and comparison with its instantaneous equilibrium value w*. (right) Evolution of
the smallest and largest eigenvalue of the Hessian of the loss along the gradient
flow dynamics.

We can then plug this value into the different components of the Hessian
using the second derivatives we calculated for the simplified loss:

d’L 1 2 9

@ —d a )

d’L Be 9

dwans ~ g e

d’L B+B> )
dAa2_<T—B+B>£+O(€)'

The Hessian is thus equal to

1= %

(%) _ d 2

H(w®,Aa) = Be (B+BZ +B2) . +o0(e%)
Vi \T-B

when w® is at optimality and Ba close to 1 (i.e. Aa — o0). As € goes to o,
the loss becomes increasingly flat in the Aa dimension, highlighting that
Aa will be the bottleneck in terms of learning and w will always be at its
equilibrium values w®. We confirm this in simulation in the middle panel
of Figure D.3.

It is now worth comparing the loss landscape structure in this late phase
compared to the one early on during learning. In the early stages, the
eigenvalues are small (B/ V/dT) and w and A both contribute to them. At
the end of learning, the loss is much sharper in the w direction (1/d) than in
the Aa direction dimension (), because of the softmax within the attention.
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From this analysis of the two extremes of the learning dynamics, in discrete
time, w would be the bottleneck in terms of the learning rate, due to the
final sharpness of the loss. A complete picture is hard to obtain analytically
because calculations become more involved in the middle of learning, so
we resort to simulations and plot the results in Figure D.3.right. We find
that the behavior we described analytically holds for reasonably long in the
early and late dynamics. In the middle of the dynamics, the geometry of
the loss landscape changes drastically and the loss is the sharpest at this
time (and thus the maximum learning rate we can take in discrete time will
be dependent on geometry of the loss around the phase transition).

D.1.3.4 Empirical validation

In these sections, our aim is to verify whether our theory still captures
the behavior of the model when the assumptions we made are not met. In
particular, we will relax Assumption 3 (W* has unit norm columns), 4 (W
initialized to o), 5 (long sequences) and partially Assumption 1 (gradient
flow dynamics). Indeed, we sample W and W* from N (0,1/d), take T to
be 256 (thus finite), d to be 256 and consider stochastic gradient descent
dynamics with batch size 32 and learning rate 1. We report the comparison
of the evolution of the loss, the attention « to the relevant to the T-th
token, and the projection w of the weights W on W* in Figure D.4 for both
the reduced dynamics (Theory line, as in Equations D.7 and D.8) and for
simulations (with the parameters described above). Overall, we find that
the simplified dynamics is able to depict the ones of the actual model quite
accurately.

D.1.4 Analysis of the dynamics with cross-sample repetition

When considering cross-sample repetition, X1 will have a larger magnitude

in the direction of the token % that appears more frequently during learning.

As a result, weights learn faster in that direction and having a single scalar

to capture the behavior of the entire weight matrix is no longer possible.

In the following, we show how to reduce it to two scalars using similar
techniques as before, as well as proceed to the analysis.
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FIGURE D.4: THE GRADIENT FLOW DYNAMICS ON THE SIMPLIFIED LOSS OF EQUATION D.6
MATCH THE STOCHASTIC GRADIENT DESCENT DYNAMICS OF THE ORIGINAL OBJECTIVE.
We report the dynamics of 5 different seeds for the simulation lines. Changing
the seed modified the target mapping, the sampling process, as well as the model
initialization. Additional details are provided in Section D.1.3.4.

D.1.4.1 Reducing the learning dynamics to three dimensions

Cross-sample repetition does not affect attention directly, so we can still
capture there entire behavior of attention with

1
(T—1)exp(—Aa)+1°

K =

Note that we do not consider any in-context repetition here for simplicity,
but all our results can be extended to this case. Let us now look at the
weights. Without loss of generality, we can assume ¥ = [1,0,- - -, O]T, which

yields
s l-pl-p  1-p
ZT—d1ag(p—|— T g ' )

The gradient of the loss with respect to the i-th column W.; of the weight
matrix therefore becomes

— 2
VW:iL = 2 ot <P(5i_1 + T) ( 2 oW —Wj) + 2 %W:i-

t>T—B t>T—B t<T—-B

Importantly, when initialized at 0, each column of W will evolve on the line
spanned by the corresponding column of W*. However, they will not move
at the same speed as the first column has different dynamics than the other
columns. We therefore introduce two scalars @ and w such that W.; = @W}

and W,; = \/;;le;? As for the analysis in the previous section, the /d — 1
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F1GURE D.5: CROSS-SAMPLE REPETITION SPEEDS UP EMERGENCE. This is because the
repeated component @ (dashed lines in the middle plot) learns faster, which leads
to an earlier increase of attention & to the relevant token (right) and faster learning
overall (left). The results reported here were obtained by simulating the gradient
flow on the loss of Equation D.11 for T = 512 and d = 64.

scaling factor is here to ensure that the learning speed coincide. To keep the
notation as concise as possible, we introduce & := p + 177;7 and 0 := 1;—’].

Under these assumptions, the loss simplifies to

1 ((1 — a)?(w? + @?)

o (0 — 1) i—1)’). ©
5 AT —1) +0(aw—1) —l—(f(txw— - )) (D.11)

The gradients flow dynamics on this loss are reported on Figure D.5. The
gradients are

— )2
Vol = (;(T{i);)v +ad(am — 1) (D.12)
C (1-a)?w | a(l—p)(aw—d—1)
Vol = AT-1) T 7 (D.13)
Vall =a(l—a) ( (1 doc()jng;; @) + w0 (aw — 1) (D.14)

+ wo(aw — vd — 1)) . (D.15)
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The entries of the Hessian are

d’L  (1—w)? i
d@?  d(T —1)
L (1-w)?  ,
dw? —dT-1 v
d’L
Sl
dw d®
d’L (1—a)w
=ua(l— — 200 —1)0
dodns —“1—#) ( ar—1) * (2@ )‘T>
d’L (1-a)w
——— =ua(l - - 20w —vVd—1
dwasa "‘)< AT —1 + (20w )e
d2L 1—2a (w? + @?
= L 1
dAe? ~ a(l—a Vadl +a(l—a) < d(T—1 +(
D.1.4.2 Approximate dynamics around initialization
Around initialization we get
D a
d T
_ - d—1
al v | = VI +H
Aa 0
with
T-1 _ &
T 0
— T-1
H:= 0 T
F(T-1) o(T-1)Vd—1
T2 T2
Under Assumption 5, this dynamics becomes
@ £ 0
d — 1-p + 0
w Vdr
0 F

dt
Aa

0

1-p

VdT

(1-p)? N

The characteristic polynomial of the Hessian is

X3 - X
(52

pZ

T2

)
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which means that the eigenvalues of the Hessian are 0 and

1
.\ Jpd+(1-p)?,
VdT P 1=

which provides a scaling factor for the exit time of

VAT
p?d+(1-p)?

As a sanity check, we can remark that when there is no cross-sample

repetition, we recover the same scaling factor as in our previous analysis.

As p increases, it progressively removes the effect of the dimension d in the
escape time.
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FIGURE D.6: THE LEARNING DYNAMICS OF TRANSFORMERS EXHIBIT SHARP PHASE
TRANSITIONS IN THE SINGLE-LOCATION TASK. Here, T = 128 and the architecture and
training details are the one described in Appendix D.4.3.

D.2 DETAILS AND ADDITIONAL ANALYSIS FOR THE LINEAR REGRES-
SION TASK

D.2.1 Implementation of the task

For our experiments, we implement a slightly different version of the task
than the one we introduced in the main text and that we used for our
theoretical analysis. The difference lies in where the relevant token is and
whether there exists a feature to indicate it:

— Random relevant token position. In the simple version of the task, the
relevant token was always presented at position T for convenience, as
the output of the toy attention model we consider does not depend on
the specific position. For experiments with more realistic Transformer
models, we make this position random to avoid skip connections playing
a specific role, and we resample it for every new sequence. The only
exception to this is the task specifics ablation of Figure D.9g, in which
we sometimes fixed it throughout the entire training run (the relevant
position being still randomly sampled at the beginning of training).

— Relevant token feature. As the position of the relevant token is re-
sampled for every new sequence, we need to provide information to
the network about which token is relevant for the task. To this end, we
append an extra feature to each input token that is 1 whenever the token
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FIGURE D.7: EFFECTS OF CROSS-SAMPLE REPETITION ON THE LEARNING DYNAMICS OF A
TRANSFORMER IN THE LINEAR REGRESSION TASK. The top line corresponds to the test
loss on the same data distribution than the one on which the network is trained,
that is with repetition. The bottom line is data without any repetition. The results
are obtained for T = 256. See Appendix D.4.3 for the rest of the training details.

is relevant. As in the previous point, the only experiment in which this
feature is not added to the input is the ablation of Figure D.g.

D.2.2 Examples of learning curves

Figures D.6 and D.7 provide examples of the learning dynamics of Trans-
formers on the variation of the single-location linear regression task de-
scribed in the previous section.

D.2.3 Additional ablations on the impact of task variation, model size and opti-
mizer on plateau length

In the main text, we claim that the architecture, the details of the task,
as well as the optimizer change the dependence of the plateau length on
the different data parameters (here we study d and T). These changes
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collectively explain why the theoretical exponents of the power laws we
obtained in our simplified regime do not directly translate to practice. This
section provides the ablation underlying this claim; we detail them by
increasing importance.

— Architecture. The toy model we consider has a single head and a single

layer whereas the Transformer architecture we consider has 2 layers and
4 heads. In Figure D.8, we ablate the number of layers and number of
heads. We find that they have some importance, by slowing the learning
process (note that we did not tune the learning rate to each architecture
size). However, they do not significantly alter the dependency in d and
T captured through the power law exponents.

Task specifics. In the more realistic version of the task, the Transformer
is provided with an extra input feature which indicates whether the
token is relevant for the task, and the relevant token position is random.
However, the toy model does not have access to this feature (it cannot
use it) and the position is fixed. In Figure D.g, we ablate these different
choices and find that randomizing the position significantly increase
the dependence in T and, to a smaller extent, the dependence on d.
Interestingly, the power laws are almost the same for fixed position
when the relevant feature is given to the model or not. We argue that
this may be because the relevant feature provides a weaker statistical
signal, likely because of the initial embedding layer from dimension d
to 256, than the positional encoding. Learning to use would therefore
be slower, and the network eventually ignores this feature.

Optimizer. Our theoretical were obtained by analyzing the gradient flow
dynamics. While gradient flow has tight links with gradient descent,
and thus the emergence time under the gradient flow is approximately
proportional to the number of steps before emergence (assuming small
enough learning rates), this does not hold for Adam. To test how much
Adam changes emergence time, we ablate the choice of the optimizer in
Figure D.10. We find that Adam to be significantly faster than SGD (up
to almost two order of magnitudes for the hard versions of the task),
both in absolute terms and in sensitivity to the difficulty of the task.
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FIGURE D.8: CHANGING THE WIDTH OF THE NETWORK (BY INCREASING THE NUMBER OF
HEADS) INCREASES TIME SPENT ON THE INITIAL PLATEAU MORE SIGNIFICANTLY THAN
INCREASING THE DEPTH OF THE NETWORK. We plot the evolution of the plateau length,
for Transformers with different number of layers and number of heads. We obtain the
following scaling law: Tpjateau = 1.03 d127 7070 Ngggrs Nl?éla?is (R? = 0.995), which
corresponds to the lines in the plots above.
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FIGURE D.g: EMERGENCE IS FASTER WHEN POSITIONAL INFORMATION IS AVAILABLE
THAN WHEN THE NETWORK HAS TO USE SEMANTIC INFORMATION. In this set of
experiments, we vary the nature of the task. The network can be given a "relevant
token feature" indicating whether the token is relevant for the task is given (that is
semantic information about the nature of the token). The position of the relevant
token for the task can be either fixed or random. If it is random, the network must
use semantic information to solve the task. If not, it (may) use positional information.
In particular, this means that the network cannot solve the task when it has no
access to the relevant token feature and the positions are random; this is why we do
not report results in this configuration here. The different scaling laws plotted are:
(left) Tplateau = 143 dl31 7038 R2 = 0.998 (relevant feature, random position).
(middle) Tplateau = 420 dl22 1029 R2 = 0.996 (relevant feature, fixed position).
(right) Tplateau = 4-61 d'21 7030 R2 = 0.999 (no relevant feature, fixed position).
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F1GURE D.10: SWITCHING SGD FOR ADAM LEADS TO AN IMPORTANT ACCELERATION
OF LEARNING. Here, we train a single head single layer transformer with (left)
SGD with a learning rate of 5 - 10~% and (right) Adam with a learning rate of
10~ (these learning rates are manually tuned). Changing the optimizer has a
huge effect on emergence time, both in terms of absolute time but also of scaling
as the problem gets harder: Tjjequ = 6.42 A4 717 (R? = 0.997) for SGD and
Tolateau = 145431 TO7 for Adam (R = 0.998).
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D.3 DETAILS AND ADDITIONAL EXPERIMENTS FOR THE IN-CONTEXT
ASSOCIATIVE RECALL TASK

D.3.1 Implementation of the task

Recall that each sequence consists of Npairs key-value token pairs (5 such
pairs in the example below) followed by a query token (Z below), as shown
in the following example:

YI AX UR ZY CA Z27?

The number of possible tokens is the vocabulary size Niokens and each of
these tokens has a corresponding one-hot encoding. Both keys and values
are sampled from the same pool of tokens.

The generative process behind the task is as follows:

- Set up query distribution. We define a query distribution pquery which
corresponds to uniformly sampling one of the 2-repeated tokens with
probability p and uniformly sampling all the tokens with probability
1 — p (recall that p is the cross-sample repetition probability). Said

otherwise, this probability distribution has mass 5 + Ni —L_ on the

repeated tokens and mass Nt ;p on the rest of the tokens.
okens

— Sample the in-context mapping. For each new sequence, we sample the
mapping between keys and queries. This mapping is injective, meaning
that two different keys will always be associated with different values.
In practice, we sample a random permutation for this mapping.

— Sample the query. For each new sequence, we sample the query fol-
lowing the probability distribution pquery defined when creating the
task. The target output for the task, will be the value indicated by the
in-context mapping.

— Fill the context. For each new sequence, we finally fill the context as
follows. We first decide whether we put the query (and its corresponding
value) in the Npairs possible positions by sampling a Bernoulli variable
with success probability % (on expectation the query thus appears B
times in the context). We then fill the rest of the context by sampling
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keys from the Niyxens — 1 remaining tokens without replacement, and
appending their corresponding values directly after.

D.3.2 Learning dynamics and additional analysis

We here provide two additional results: the learning dynamics on the
training data, which show that repetition accelerates emergence in similar
ways to what is predicted in our theory (Figure D.11) and the evolution
of the attention scores over the course of learning, which confirms that
emergence occurs jointly with attention to relevant tokens getting sparser
(Figure D.12). We can make additional comments regarding the last point:
it is interesting to see that all heads in the same layer have similar attention
to relevant tokens, and that the copying mechanism (to group together the
key and the value) only occurs in layer 3 and the selection mechanism only
in layer 4.

In-context repetition Cross-sample repetition
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FIGURE D.11: REPETITION ACCELERATES EMERGENCE IN THE ASSOCIATIVE RECALL TASK
AS PER THE THEORY. This plot is the training counterpart of the plots of Figure 6.6.
As we measure the performance on the training data, there is no overfitting and
repetition only speeds up emergence.
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F1GURE D.12: THE EMERGENCE OF ASSOCIATIVE RECALL CO-OCCURS WITH AN INCREASE
OF ATTENTION TO RELEVANT TOKENS. (left) Evolution of the performance of the model
over time, as in Figure 6.5 left (Npairs = 32 and Nigkens = 256). There is no repetition
in this experiment. (middle) Evolution of the attention from the relevant value
token to the relevant key token (the first layer of a two-layers manually constructed
attention head would have this attention value equal to 1). (right) Evolution of the
attention from the query token to the relevant value token (the second layer of the
induction head would get this value equal to 1).



BIBLIOGRATPHY

D.4 METHODS

D.4.1 Measurement of the plateau length

To quantify the emergence time of sparse attention, we measure the duration
of the initial plateau in the learning dynamics. We define the plateau length
as the number of training steps required for the model to reach a specific
threshold performance from initialization. This performance threshold
depends on the task we consider:

— For the linear regression task with the toy model, we define the plateau
length as the time required for the test loss to decrease to 0.2 of its
initial value when following the gradient flow dynamics, that is 0.1.
The test loss is the loss without any form of repetition for the vanilla
dynamics (Figure 6.2.a) or for the dynamics with cross-sample repetition
(Figure 6.3 right), and with the same B value as during training for in-
context repetition. Note that we use a test loss with repetition for the
latter as the toy model cannot generalize to the no repetition case.

— For the linear regression task learned with a Transformer, we use the
same threshold as above, except for the cross-sample repetition where
we used a threshold of 0.4. This threshold being different partially
explains why the lighter lines in Figure 6.4 middle and right do not
map (the other reason being that we additionally tuned the learning
rate for the right plot). The reason behind this change comes from the
shape of the learning curves: after emergence, the learning speed can
be drastically different for different p values (see Figure D.7, and hence
we need it to be closer to 0.5, the initial loss value, to accurately capture
the emergence time.

— For the in-context associative recall task, we pick an accuracy threshold,
here 5%, as the random guess loss varies as a function of the vocabulary
size.

It is important to note that in the first case, the plateau length corresponds
to a physical time, whereas for the last two cases it corresponds to a number
of optimization steps.
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D.4.2 Fitting power laws on plateau length

To quantify the relationship between plateau length and various factors
(sequence length T, input dimension d, in-context repetition B, cross-sample
repetition probability p), we fit power laws to our empirical measurements
using least squares regression on log-transformed data. We also fit power
laws on the number of heads and the number of layers in D.8 according to
similar principles to what is detailed below.

For the general form of our scaling laws, we assume:

B
Totateau = cd" (;) f(p,d)? (D.16)
where C is a constant, a, B, and vy are the scaling exponents, and f(p,d) =

p?d + (1 — p)? is a function of the repetition probability (which is rooted
in our theoretical analysis of Appendix D.1.4. Note that when considering
the associative recall task, the vocabulary size is replacing d and the number
of pairs is replacing T.

We perform the fitting by linearizing this relationship through a logarithmic
transformation:

T
log Tplateau = log C +alogd + Blog (B) +vlog f(p,d) (D.17)

and performing a linear regression to find the missing coefficients. We
report the score (R?) of the linear fit as a measure of fit quality for all
scaling laws. Most reported scaling laws had R? > 0.98, indicating excellent
fit to the empirical data. For the cross-sample repetition results of Figure 6.4
right, where we could not fit accurately any power law on the obtained
results.

More precisely, the exact parameters we fit for each plot are:
— Figure 6.2.c: C, « and B (B is fixed to 1).
— Figure 6.3 left: C, w and B (T is fixed to 4096).
— Figure 6.3 right: C, &, B and «, such that 2« = = « (T is fixed to 4096).

— Figure 6.4 left and middle: C, « and B. The same power law is fitted on
the data of the two plots.
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— Figure 6.5 right: C, & and B (B is fixed to 1).

D.4.3 Architectural and training details

We report the default hyperparameters we use in our experiments in Ta-
ble D.1 and report the deviations we make to this setup below:

— In Figure 6.4 right, we additionally tune the learning rate (in {107%,3 -
10~4}) based on the shortest average plateau length as we found cross-
sample repetition to significantly change the learning rate the Trans-
formers we considered need.

— In Figure 6.5 right, we additionally tune the learning rate (in {107°,3 -
107,10~ *}) as large vocabulary sizes and number of pairs need smaller
learning rates.

— In Figure D.8, we ablate the number of layers and the number of heads
in the Transformer architecture.

— In Figure D.10, we ablate the choice of Adam as optimizer and replace
it by stochastic gradient descent. Note that we here consider a single
layer and a single head.

It should be additionally noted that we adapt the number of iterations
depending on the difficulty of the task and roughly aim to end training
significantly after emergence. However, for the most challenging versions of
the task (e.g., large T values in Figure 6.4), the phase transition sometimes
occurs after the maximum number of training steps we attribute to the task
(in that case 50k steps).

D.4.4 Reproducibility

Our theoretical simulations were run in JAX [308] and our Transformer
experiments in PyTorch [323]. All our experiments were run on Nvidia
RTX 3090 GPUs. The typical training run takes one hour, although train-
ing on shorter sequences can be significantly shorter. The code is pub-
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Parameter Type

Theory

Linear regression

Associative recall

Architecture Parameters

Model Toy model Transformer Transformer
Layers 1 2 4

Number of heads N/A 4 4
Embedding dimension N/A 256 256

QK dimension N/A 64 64

MLP factor N/A 4 4
Positional encoding N/A sinusoidal sinusoidal
Layer normalization No No No

Skip connections No Yes Yes

MLP between layers No Yes Yes
Training Parameters

Optimizer GD Adam Adam
Learning rate 1.0 1074 10~4
Scheduler None None None
Batch size Full 32 32

Seeds N/A 5 3

TaBLE D.1: Default hyperparameters for the different types of experiments.
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licly available at the following url: https://github.com/NicolasZucchet/
The-emergence-of-sparse-attention.


https://github.com/NicolasZucchet/The-emergence-of-sparse-attention
https://github.com/NicolasZucchet/The-emergence-of-sparse-attention
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